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INTRODUCTION. 


The follovyng Exercises and Examples are intended to supply 
a systematic course of work for the use of Actuarial Students, 
in practical illustration and application of the priiyriples and 

it ^ 

"formulas laid^do an& developed in the Institute of Actuaries’ 
Text-Book, Parts I. and II. * 

The Examples upon Interest and Annmties-Certain have been 

» . H 

^arefully selected to supplement those printed at the end of the 

Institute of Actuaries’ Text-Book, Part I., and in further 

illustration of the text and demonstrations if &at work. 

The Examples in Life Contingencies were originally intended 

r 

to be appended to the Institute cw Actuaries’ Text-Book, 
Part IL, buf^th&ir insertion a was ultimately found to 'be 
impracticable, owing to the already considerable bulk of that 
treatise. It was also felt that tlfe usefulness of such Examples, 
wSuld be greatly kicreased if they wese accompanied by short 
Solutions and references to the Text-Book. 

Tfil^jresent Volume has accordingly’been a undertaken,und is 
now issued upon the sole responsibility of. the joint Authors, 
who have selected the* Exercises and prepaid, thB Solutions 
here gjpren, in the light of their practical experience during the 
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past six sessions (1883-4 to 1888-9 inclusive) successive 

r 

Lecturers* to Student# of the Institute of Actaariel upon the 
subjects of the Fart II. Examination. 

The € Exercises and Examples have been selected from all 
available r sources in Actuarial literature, and large^ from the 
Examination PaperS of past years. In a few cases, where a 
practical illustration of some important theorem or demonstra- 
tion (created in the Text-Book was not readily available, special 

1 t ■ 

Examples have been prepared to meet the case. 

In so Considerable a body of work it is hardly probable 
that errors will have been entirely eliminefjiB^r^ ihe greatest care 
has, however,"' been taken to secure accuracy; and the Compilers 
desire to express their special indebtedness to Mr. William 
S fiiTH Anderson, A.I.A., a'nd Mr. Harry Bkarman, A.I.A., 
both of the Gresham Life Assurance Society, for valued 

assistance in the tC^reful examination of thy Exercises and 

• c 

Solution^, and in the' revision of proof-sheets. ‘ 

T. G. A. 

t "G. F. H. 

September, 1889. 



NOTES FOR THE STUDENT. 


The Exercises and Examples are arranged m two main dtasiontt 
— Interest and Life Contingencies — corresponding respectively 

with Parts I. and II. of the Institute Actuaries* Text-Book? 

• . % \ 

Th(5 chapters into which the Exercises arc divided correspond 

throughout with those similarly numbered in the Text-Book; 

• • 

aijd the E xercise s contain&I in each chapter are {fl’jjangod, as 

far^s practicable, inThe order in which the subjects are treated 

and developed in the corresponding chapter in the Text-Book. 

At the foot of each page of the Exercises aitd Examples is 

* • % 
appeudod a reference to the pages, «later on iu the present 

volume, upon^yhich the Solutions of such Exercises will be 

found. 


The references, in tho Solutions, to figures in square 
brackets — thus, § [f6] — indicate thp numbered paragraphs in 
the Text-Boo^in which the subject (jealt with in the particular 
Example is treated; and the paragraphs so rBf erred to will bo 


found (unless otherwise statod)*in tl*s chapter of the Text-Boqk # 
then under cJJscuSfeion. Any additional hints by way of solution, 
or references to other authorities, are appended for the guidance 
of the Student, and the further elucidation of the points raised 
in the sexQyal^fcxercfsew and Examples. 


References to th% Journal of the Institute of Actuaries are 
indicted by the letters JJ.A. 
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GRADUATED EXERCISES AND ^EXAMPLES. 

Pa^Pt I. — Interest” (including Annuities-Certain). 


Chapteb I.— Interest, AmoV^t^, Present Values, and 
DjscotTnt. 

(1) . — Give the two formulas which express intcifst for a fractional 
period, and stateVvhat assumptions are made in. each case, and the 
advantages and disadvantages of eaqji formula. 

(2) . — Write down the formula idt the amount of intefest accrued 

on a sum at the end of the th of a year, at the effective rate of i 

Til 

per annum, and aroye that such accrued interest is less than the simple 
interest for the same period at the* rate 4 How would you account 
for this P 

(3) . — State clearly the moaning of $he ^erm u force of interest”, 
and obtain a formula exhibiting its relation to the effective rata of 
interest. 

(4) . — Snow tnat the instantaneous rate equivalent to a pearly rate 
of i is approximately equal to the arithmetic mean between the theoretical 
and dbmrnercS^liscount on 1 for a year, th® rate of interest bei^g i. 

(5) . — ^ftite down the preserft value of a sum due 3, 6, and 9 
months hence. State your reasons for the formulas adopted. 

(6) . — Given log *10*= 2 -3026, show that 1 ypll*|unount to 10, at 
1 per-^ent, in 231$ years. 

B 

Boiuttay, pa* *» *0.) 
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(7). — Write down expressions for the present value and amount of 
1 at thg enfr of friars, interest being reckoned at the nominal rate of i, 
convertible m times a year. What' do the so expressions Respectively 
become when w=ao P 

(fi ). — Given tables of the functions (10125)** and (1*0125) ~ n for 
integral values of n, how would youf employ them to ascertain (a) the 
amount of ^£ 100 in 10 years, interest being reckoned at the rate of 5 
per-cent per annum, pay^Jde quarterly ; (J3) the present value of £100 
•due'll years hence, interest being reckoned at the rate of 2£ per-cent 
per annum, payable "half-yearly ? 

(9). — State symbolically the difference between discount at simple 
interest, discount at compound interest, and Commercial discount. 

(10) . — Show that 3= ~ — ~ . 

v J v* dx 

(11) . — 4 gives B a bill for £a ^lue dt the end of m years, in 
discharge of a bill for £b due at the end of f^l'or what % ftim 
should B give 4 a hill due at the end of p years to balance the account ?• 


Chapter II . — annuities-uebtain. 

(i) Interest convertible yearly, and annuity payable yearly . 

(12) .— -Vind the relation between the discount of any sum payable 
n years hence, and the present value of an annuity-certain for n years 
of the same amount. 

(13) . — An annuity-certain *>f £729 a year is graced for 25 years, 
the rate of interest at 5 percent. • Calculate the value of such annuity, 
given, log 2 = *301(& ; log7=‘84510; log 3= 47712; log 2952=347012; 
log 2953=3*47026. 

$14). — What sum would have to be deducted from the firty 
payment of the annuity in the preceding question, if tht first payment 
is made three months hence, the second in fifteen months, &c.? 

(15). — Show Sow the several payments of an annuity-certain may. bo 
divided ^nto principal and interest, and demonstrate t?&&> the arffount 
remaining outstanding at the end dt any year is equal »tff\he present 
value of an annuity-certain for the remaning term. 

(10). — Show ^bafc the amount of purchase-money of an annuity- 
certain for n years which is unpaid at the end of m years, is eqpal to 
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the difference between the accumulated amount of the purchase-money 
for m years., and the accumulated amount of tbe aHhuity ki thp same 
time. 

(17) . — An insurance company lends £50,000, repayable by an 
annuity-certain for 25 yiars. How much capital is unpaid at tlfe 
end of 20 year!, reckoning interest at 5 per-cent? 

(18) . — In the above, case construct a table showing ho^ much of 
each annual instalment of annuity consists of interest, and how much 
of repayment of capital. 

(19) . — Show how to find the amount of each pa^nent of an annuity- 
certain for n years, which is purchased for a sum of V, the purchaser# 
wishing to invest his capital* at a rate of interest i\ and to replace that 
capital at a rate of interest i. 

(20) . — Show clearly into what component parts an annuity-certain 

may be divided, and give ifhe m^ans of determining how njich of each 
pa^jpnt goes capital originally invested, in the case where 

•the rate of interest at whiqh that part of each payment, which goes to 
repay coital is invested, is different from the rate of interest realized on 
the oftginal investment. 

(21) . — Find the present value 8f a perpetuity of 1, and hence deduce 
the present Value of an annuity-certain for n years. 

(22) . — A lease of the annual value of 1 is granted for m years. 
After it has been n years in force, the lessee^ requires to extend the 
remaining term to m years. How much ought fte to pay? 

(23) . — Given the present value, at rate of interest i, of an annuity 
of 1 deferred d years, investigate a formula to find n, the number of 
years it has to run. 

(21). — Four Arsons, A, B, C, and D,~ contribute equal sums towards 
the purchase of a perpetuity. Find the number of y^ars that A, B, and 
C may successively enjoy it, D riaving the absolute reversion, so that all 
four may benefit equally. 


{ii) Annuity payable and interest convertible at the same period, the 
period being less than a year . 

(25) . — Mnd the present value and amount of to annuity^certain for 
n years, at a nominal rate of* interest of i, convertible m times a 
year. 

(26) . — From the above, deduce the* present values ana amounts of 

n 2 
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continuous annuities-certain. 


Show how a table of the values of 


«*— 1 


f i 

x being the argument, enables us to calculate s/ich values. 

(27) . — If two annuities-certain of 1 per annum for n years are 
purchased, in one of which the annuity us payable and interest 
convertible yearly, while in the other the instalment 3s payable and 
interest wjpvertible m times a year, the effective rate of interest being 
the same in the two cases, what is tlfe relation between the amount of 

Hsapittf repaid in the rtti year under the two annuities respectively ? 

(28) . — Give a formula expressing the value of an annuity-certain of 
*1 for n years, payable m times a year, in terms of the value of an 

annuity-certain of 1 for n yeafs payable yearly, the nominal and the 
effective rates of interest. What does the formula become when#w=iao ? 

(29) . — If x be the nominal rate of interest, the value of a perpetuity 

« 1 

is equal to* however often interest is convertible^ Under u^hat 

x § 


condition is th^i true, and how would you explam it ? 

(30) . — Find the value of m annuity to run for five years^ interest 
and instalment payable half-yearly, with interest at the nominal i**te of 

5 fer-cent, and show the amount of capital redeemed in each half-yearly 
payment. 

(31) . — The guardians of a poor-law union are desirous of borrowing 
£5,000, the loan to *be» discharged and the interest paid by an equal 
half-yearl^pharge upon 1 the rates, extending over 30 years. Assuming 

6 per-cent interest, find the amount of the half-yearly charge, and draw 
up a schedule showing what portions of each of # the first four payments 
are applicable for the payment.of interest and the discharge of the capital 
account. 


(iii) Annuity payable apd interest convertible at periods of 
different duration . 

(32) .-*- Write down the formulas for the present value and amount 
of an annuity-certain for n years, instalment payable and interest m 
times a year, in terms of tb* effective rate of interest yitffld also <rf the 
nominal ra^p of interest x. 

(33) .— -Given the formula for the present value of an annuity-certain 
for n years, instalment payable and interart m times a year, show 
how the expression will be modified in the several cases where a»s=l, 
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4=1, #?*= 4 = 1, w=oo, &= oo , w = 4 = oo , w = l, Iwssco, i»l, 
*»= oo . * 

(34).— -Under what differing conditions are the following formulae, 
( a ), (/8), for *bhe present value of a continuous annuity-certain for*n- 
years, correctly stated P What does the formula (y) represent ? 

A 


(a) 








(35) — A loan of X is to be discharged by an annuity (maae up of 
X 

principal and interest) of payable at the end of each year, the^ 

10 • • 

interest thereon being at &*per unit per annum, convertible half-yearly. 
Wfien trill the debt be extinguished ? 


Chapter III. — Varying Annuities. 


(36). — Show that a^\ f| = ^stopping at the term involving^. 


(37) . — Find the present value of an annuity- certa^i, the first payment 

being 1, the second 1*2, the third 1*4, and so on, increasing *2 each year ; 
the last payment being 10. • • 

(38) . — Find the value of an ahnuity-certaSi for 21 yejfs, the first 
payment of which is 1, and the after-payments of which increase by 
^th each. 


(39) . — Find the value of an annuitv-cartain for n years, the payments 

of which are I s , 3 3 , &c. * 

(40) . — State a general formula for the value o£ an annuity-certain 

for n years, whose successive payments are u lt u 2 , th • . • ; and explain 

how the values of annuities of the Sguraffe mAibers can be employed ip 
Hetermining sjch values. 

. (41). — Deduce a formula for the present value of if perpetuity whose 

successive payments are the figurate numbers of the rk h older. 

(42) . — Ei^d, by the method indicated ^by Mr. PeteV Gray (J.I.A., 
xiv, 91), value of ^an annuity to run for 40 years, the Ihccessive 
payments of which are 1, 3, 5,^13, 33, . . interest being Reckoned at 
5 per-cent. 

(43) * — Find the value, at 5 per-cen^ of an # ani*iity for 40 years, 
whos# several payments are 55, 126, 25§, 484, 837, . . - 
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(44). — Find the value of an annuity for 15 years, whose successive 
payments are 201,^08, 443, 630, 874, . . . 


Chapter IV, 

(i) On t%e determination of the rate^pf interest where the amount of 
capital fepliid is the same as that advanced . 

(45) . — An annuity-certain for 100 years is worth 19 years* purchase ; 
c find the rate of interest by formulas (A), (B), (C), (I)). 

(46) . — An annuity-certain for 25 years fs worth 17 yeartfr’ purchase ; 
find the rate of interest by formulas (Di) and (I) 2 ). 

(47) . — Show how to approximate to the rate of interest m an 
annuity-certain in cases where the tenA is loner, and hence deduce the 
rate of interest when «cj 4 |= 27 . c 

48. — dive ait least three formulas for approximating to the rate of 
interest in an annuity-certain, affd state which you would select rs likely 
to give the mosfcsatisfactory result without excessive labour. 

(ii) On the determination of the actual rat$ of interest paid hy a 
borrower , where the amount of capital repaid is different from 
the amount acftaiped. 

( i 

(49). — 2)educe Makeham’s formula for the value, at rate of interest 

e', of a loan bearing interest at rate i, and explain it verbally. What 

are the advantages* of the use cjjf this formula ? 

* (56). — A loan of £s is Repayable at par in n^ears, and bears 

interest meanwhile at the rati i. Ifeduce a formula for the amount that 
c 

could be given by a purchaser in order that interest at the rate of j may 
be realized upon the amount iiSvesteS. 

(51) . — Obtain a formula for the present value of £he capital redeemed 
in the successive payments of an annuity-certain of 1 for h years. 

(52) . — A loan t is repaid by a sinking fund of p per-cent on the sum 
borrowed: find*liow long it will take to repay the loan .a and 1 being 
the rate* of interest which tfie borrower pays, md at vraieh $ie sinking 
fund is invited, respectively. 

(53) .— ?A debenture 0 , redeemable in %i years, and bearing interest at 
a fixed rate i, is purchased at a premium of ^*per-cent. Show how to 
find approximately the rate of inferest i\ realized by the purchaser*) 



iv, mi 


EXERCISES AND EXAMPLES. . 


7 


(54) . — If a bond of I, repayable at par in a years, and bearing 
interest at the rate i, be purchased at the price oPl-f-p, *so that the 
purchaser 4nay realize interest at the rate i upon his investment, 
with the return of the capital invested at the end of the term, show that 
the excess interest recenftd annually [*— (1+jp)*'] must be invested at 
the rate i 1 to amount to p at the end of the n years. If Ijjiis excess 
interest caif only be invested at the rate j, how will the valge of p> the 1 
premium to be paid for the bondf be affected ?, 

(55) . — A bond for £1,000, bearing interest at 3 per-cent ior 2(7 
years, is to be sold. What can a purchaser give 1o realize 5 per-cent 
from his investment (a) supposing the J)ond to be repayable at par iif 
20 years, (fi) supposing ttft bond to be repayable in 20 annual instal- 

0 m 

ments.* driven ajjoj at 5 per-cent=12 , 4622. 

(56) . — The tenant in possession of an estate has to pay off a charge 
on the estate in the next n years, in the following way, vis. : M being 

M 

the "amount of the chatgl, he has to pay back each year ~ , and interest 

at thc^rate of i on the amount unpafcl at the beginning of the year. 
Fin<f the sum for winch his payments might be commuted, taking 
interest at the rate j. 

(57) . — A person speeds in the lirst year m time^ the interest on his 
property ; in the second year, 2m times ; in the third year, 3 m times, 
and so on ; and at the end of 2 p years has nothiftg left. Show that in 
the jpth year he spends as much as Tie ^ad left tA the end of JJiat year. 

(58) . — Find the rate of interest in a loan issued at 76 per-cent, with 
interest at 6 per-cent ^pon the nominal amount of the loan, and repay- 
ment of the nominal capital by an accumulative sinking fund of 1 
per-cent per anriten. 


(Jhapter VII. — Interest Tables. 

(59). — Explain the methods of calculating and verifying tables of 
present values of sums and annuities-certain. 

^60) — Cellulate, 5 per-cent, the Resent value of 1 d^e in any 
number of years from 1 to 20, and also the present values of annuities- 
certain for any number of year# from 1 to 20, Verifying th<? calculation 
in each case. 

(gl), — Show how tables where the«argument is logo? and the tabular 
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results log(l — $) and log (1 -Ha?) can be made available for the calcula- 
tion o£ r the amounfc and present values of annuities-ceriadn. 

(62) ^. — Calculate by the tables referred to* in the previous example 
the present values and amounts of annuities -certain for #ny number of 
years from 1 to 10, taking 5 as the rate of interest. 

(63) .— State and prove the rules for finding from the tabular values 
ana amounts of annuities-certain, the values and amounts 6f the same 
when payable in advance. t 

" • . — How would you proceed to verify the columns (1-M’) n , v n , 

Sn !> and a * |, in a prffited table of such values ? 


Miscellaneous Examples. 


(65) j& £100 share, bearing dividends at 5 per-ceij^per annuir^ in 
June and December, with an annual bonus of dCA iiffleoember, is bought ^ 

.for £130, just after the payment of 4he December dividend and bonus. 
What is the effective rate of interest made upon the investment P 

(66) . — In the previous question, what would be the equivalent price 
just previous to the June dividend ? 

(67) . — An assurance fund at the commencement of a year amounts 
to £1,000,000; the income from interest is £45,000, from premiums 
and c other sources £2Cft),0£H), the outgo £170,000. What is the rate of 
interest earficd by the fund 


(a) assuming the fund to increase at a uniform rate through- 
blit the yea£; 

(/?) assuming the inhome (excluding intere^J, and the outgo, 
to be evenly distributed through the year ? 


(68). — If £100 amounts to 106*1678^0 a year, at a nominal rate of 
intent of 6 per-cent: required to find how often interest must be^ 
convertible. 

, (69). — If 2£ per-cent Consols are bought for 94, what are ther 
. nominal, effective, $nd instantaneous rates of interest ? 

(70). — Show that the present value of an annuity of/ffor n ySHrs, 
at ample interest at fate i is approximately equafto * 



! + (»+!>’) 

-1+V f m 
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GRADUATED EXERCISES AftD EXAMPLES. 

PABT II.-»-LlFE CONTINGENCIES (INCLUDING LiFE ANNUITIES AND 

Assubances). 


Cilapteb L— -The *Mobtality Table, 

(1) . — Explain what is meanifby a Table of Mortality, and describe 
its usual and convenient form. 

(2) . — If the experience of a given mortality table indicates that, 
out of 2,000 persons alive at age 30, 29 die bafor# attaining age 31, is 
it theoretically correct to say that* the probability of a person aged 30 

• 29 * 

dying before age 31 = ? 

(3) . — Having given a complete table.of p x , accurately representing 
the probabilities life at all ages, sho^ jjow, from the deaths taking 
place in one year, to calculate approximately the total number living in 
a stationary population, where there is no disturbance from immigration 
or emigration. 

(4) .— If ««»= TTTZi — ^ » show that * 

p»^l—m a +i(m x y'-i(m x y+ 

^5). — (apICxplain the method of fornfing a table of morta^ty from 
the death registers of a place, correcting for the 
increase of population. 

(j9) If such fcrrection is disregarded* what would be the 
effect upon the resulting Mortality Table P 
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CHjtFTEB II.— PROBABILITIES OF LlFE. 

C 

(6). — If n px denote the probability that a person aged x will live 
n years, and p x+r the probability that a peAon aged Or+r) will live 
one^year, f prove that 

“ nPx=Px X 1 X ps+a .. ... X p x +n-i- 

•*^). — Show that lx +n — nPx(.dx~h &x+\ + • • • • “b^-i)* 

(8) « — Supposing a given number of marriages contracted between 
€ males aged 80 and females aged 25, find the proportion per-cent of the 
original number who wirf survive as mairied couples, widowers, # or 
widows, at the end of 10 years, assuming the probability of dying within 

265 237 

10 years at $he age of 30 to be — — , and at the age of 25 to be — - - . 

t 2501 4 2bll 

(9) . — Find the following probabilities, namglp, tB&t of two^Kves 

(x) and (y) ° 

(a) both will no^. survive n years ; 

03) either or both will survive n years. 

(10). — Determine (a) the. probability that two persons now aged x 
and y will both &e in the nth year from thg present time; (/?) the 
probability that one only of them will die in that year. 

.(H) — Find the talye of \ K q^ and 

(12) .— <$how that the probability that (.r) will survive (n) years, and 
that (y) will survive (n— 1) years ( n p x x n-\Py) may be expressed in 

either of the formfe n-iPx+i.y x p x or n -- ' — . 

A \ Pv - 1 

(13) . — Find the probability that one at least of three lives (a?), (y) 
( 2 ), will fail between the nth and (n-Hn)th year. 

(14) . — Set down the probability ofHhe various contingencies as to 
deaijji and survival whiefe may happen to three lives during a year 
(disregarding order of survivorship); and prove 1 the £ruth of your 
answer. 

(15) . — Obtain 4 the probability that out of three lives (x), (y), ( 2 ), 

(a) one at least •will fail in the nth year ; 

03) not more than two rfill fail in the nth year^* 

. (y) the three lives will fail in the following order: one 
before the nth year, one ifc the nth year, one after 
the nth year.* 





EXERCISES AXD EXAMPLES. 
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(10). — Find the probability that at least two lives out of four lives 
will survive a year. Give a general expression for ffte probability that 
at least r UVes out of m lives will survive n years. 

(17). — If 4 he chance of any one of n persons dying in the course of 
a year be represented by p f prove that the chance of exactly r of them 

\n 


dying in the course of a year will be ^ 7 -= — • p r ( 1 — p) n ~ r . 

\ r r ~ r * 

(18) . — On the supposition in the previous question, prove that the 
most probable number of deaths in the year is the greatest integer* 
contained in (n + l)p . 

(19) . — What is the probability that*ou$ of seven individuals of a* 
given age, four at least will die in a given time ? 

(20j. — A number n of persons, all of the same age, are each insured 
for the same sum, £ 1 ; thf probability of any one of therc^ dying in a 
yeaf being q, sjjgw how to find the probability of the insuraflcg company 
sustaining a given los£ in4he course hf the year, and prove that the sum 
of the products of each possible loss^nto its probability is nq. 

( 2 i ? ,-rTwo offices have each £J,(ft) 0,000 assured: Office (a) by 
100 policies of £10,000 each ; Cjffice (/3) by 1,000 pdlicies of £1,000 
each. Assuming all the ages equal, and*$e rate of mortality to be 
2 per-cent per annum, gwe an expression for the probibility in each case 
that the claims in one year will amount to £80,000 at least. 

(22). — If p be the probability that a person aged x will live one 
year, find expressions for the following probabilities : — That^Jht of 1,000 
persons aged x 


(a) ^exactly 20 will die in a jear ; 

(/?) n»t more than 20 will die a year ; 

(y) 20 designated individuals, and no jpore, will die in a 


year; 


( 8 ) 20 designated individuals* at Bast, will die in a year. 

« 

(23). — Si?persons, A, B, C, I), E, F, ate of the s%me age, the rate 
of ’mortality at that age being 1 per-cent. What is the probability (to 
five decimal places) 


4(a) that they will die m an assign ed»order ? 

(/}) that A will die* first, and F last, the remaining order 
not being fixed ? 
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PAM n. — 1IPE COBNUT GEKCUCS . 


[(Suft, n, QX. 


(24). — Define “rate of mortality” (q g ), “force of mortality” (/*»), 
“ central death-raf£” (»*), and give expressions showing approximately 
the relation between these three functions. 

(26). — Assuming the force of mortality at age x to ba>approximately 

equal to show that when the decrements of the mortality 

fL &VX 

table are iporeasing, jx x <q x , and when decreasing, q x <fi x . ‘ 


1 d 




(M ). — Show that Jua*= — : t . . 

vx mP 

(27). — Prove tliat the two expressions for the force of mortality, 
\ d d 

— T * j~*lx and — t- re identical 

lx <*x dx 


— If the force of mortality at age (#+£) = 

is the rate djf mortality at age x in ternjs of it F 

* 1 Z* 1 

(29) . — Show that r * / Ix+t^px+t'dtm 

lx 0 l , 

(30) . — Show that fixy =fix + fiy . 


dx 


■}(lx+lx+0 


, what 


CltyPTEB if I.— EXPECTATIONS^ LlFE. 


(31) . — Define (rfj average duration of life, (ft) probable lifetime, 
(y) mean age at death ; c and givq.the value of each in symbols. 

(32) . — Given the following mortality table, deduce the average 

duration of life at each age, the average age at d^ath, and the “probable 
lifetime " : — » 

Age. No. Living. 

80 hl6 

81 97 

82 78 

83 64 ? 

84 *66 

85 51 

86 39 

87 33 

88 29 

89 24 

(33\v — The rate of mortality at each age bging gi'v^n, show how to 
construct therefrom a fable of the mdhn duration or expectaSon of life. 

(34).— Given a tablfe of mortality, Aow how to find (a) at what age 
it is most probaHe % person of a given age Vill die ; (ft) how many 
years he has an even chance of living. 


Age. 

90 

91 


94 

95 

96 

97 


No. Livii^f, 

15 

12 

9 

7 

> 

1 

0 





EXBB0ISK8 AND EXAMPLES. 
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(35) * — Show, upon De Moivre’s hypothesis, (af that the average 
duration of life at any age equals the probable aftei^lifetime ; (ft) that 
at any age, the probability of dying in each of the subsequent years is 
the same; (y) that the force of mortality is equal to the rate of mortality 
at all ages. 

(36) , — Prcftre that 

(l“H^jp) == 2 , »“h < Paj(l”l“2 , a>+i) +2paj(l ‘hffa+s) + • • • 

(37) . — Find the curtate expectation of a life (#) after n yeair^>and M 
during the following m years { n \m^x) • What correction would you apply 
to obtain the expression for the complete expectation during the same-, 
term? 

<(38). — Deduce p x in terms of l x . Prove that if 
then p x ^\—p x ; but that if Px-i^Px^Px+u then will not be equal 

to L, unless 8#.ua = ~ • \- ~ x . 

w 0 m 2 1— p x 

(39) . — Show that the average diction of life 

= S (2 f o; + 3i|2 , a;+ 52^+ . . . . ) 

(40) . — Find an expression for the average age at death of l x 
persons. 

(41) . — Explain what is meant by the curtate expectation of two 
joint lives (or) and (y ) . Prove that it is equal^to * 

Pxy + *Pxy + 3Pxy+ 


CHAPTBB IV. — PbOBABILITIES 0T Subvtvobshif. 


(42) . — Find the probability that (^will^die in the nth year, (y) 

being alive at the moment of (#)*s death. * * 

(43) . — Stew that the probability of (a?) dying before (y) in the «th 
year, when no assumption is made as to the distribution* of deaths 
throughout the year, may be expressed in the form 


2 l X ly ’ mj v 


(44). — Find the probability that (a) will die bef<$re (y). 
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PAST II. — LIFE CONTIN OENCIES . 




(45) . — Assuming that the deaths in each year are uniformly dis- 
tributed, and supposing that two persons (x) and (y) both die in the 
same year, prove that the chance of .(#) dying before (y) is accurately 

(46) ^ — Show that the probability of a life (x) dying before a life (y) 
riiay be expressed by the formula 

2 l&y 

— Find the probability of a person aged txt dying before one 
aged y, or within t years after. 

(48) . — Find expressions for the following probabilities : — 

f * ^ 

(a) That (y) will be alive t years after the death of (x). 

(/}) That (y) will be alive at the end of the riih year 
succeeding the year of the ^death of (a?) . 

(49) .— Find the value of Qi„, and Q^. 


Chapter V. — Statistical applications of the Mortality Table. 

(50) . — Given £he values of l x and e x at pvery age, show how to 
construct the columns L*, N'*, T®, and Y x , and explain generally the 
use$ to which such cofumfos may be applied. 

(51) .— community propose# to establish pensions for such of their 

number as attain a certain age, to be provided by equal annual subscrip- 
tions payable up |o that age. How would you proceed to find the 
amount of such subscriptions P* p , 

(52) . — A body of men, h%pt of uniform strength by annual entrants 

engaged at age 20| and superannuated at age 60, are grouped in three 
classes, the members in the classes as three in the junior, two in 

the intermediate, and one in the senior. Assuming promotion to go by 
seniority, how can a mortality table be used for finding thu average age 
of promotion from one class to another? What causes may be .in 

. operation to vitiate the results ? 

(53) . — Show that in a stationary population the avejsge present age 
at any We is equal to the average expectation of life afc f age 0 and 
upwards. 

(54) . -^-In a stationary community there a 13 209 death® annually to 
each 10,000 inhabitants. What js the average %ge at death ? 



mi 


EXERCISES AND EXAMPLES. 


» 


Chapter YI.— Formulas op* De Moivre, <Sompertz, *ind 
Makeham, for the Law of Mortality. 

(55) . — Explain any advantages which would accrue from being able 

to express the number living at any age, out of a given numbef bom, as 
a function of the age, and give e^mples of any formulas thaThave been 
suggested for this purpose. • * t 

(56) . — If a mortality table were such that the numbers -living formed 
a series in geometrical progression, what would be the nature of the^ 
tables giving the chance cf dying in year, and the expectation at 
any ■age/* 

(57) . — Upon what hypothesis as to the law of mortality is 
Gompertz’s formula based £ Prove that if this hypothesises assumed, 
the formula of 'Gompertz for the number living at a given age*# will be 
•obtained. 

(58^. — Upon what modification of CJompertz’s hypothesis as to the 
law of mortality is Makeham’s formula based ? Show that by adopting 
this modified hypothesis, the formula «of Makeham for the value of l x 
will be obtained. * 

(59) . — Given l x =k8*(jjy x , find the values of log/# and of ^ x . 

(60) . — Given a table of the values of log at all ages, state 
generally how you would proceed to deduce Jalues for the constants 
h y 8 y y, and c, involved in Makeham’s formula, l x =.]cs x {g) dt . % 


Chapser VII. — Annuities Ajp Assurances. 

(61). — Find by the Life T^ble f given^ in the “Text-Book”, taking 
interest at 3 per-cent, the present value of a sum to be received J?y a 
person aged 1ft prodded he be living at age*2l. 

* . (62). — Find the value of an annuity on a single l&e, and* show how 
the annuity at any age can be expressed in terms of that at the next 
higher age. ^ 

(63). — ferove that tfie value of#£l, to be received immediately upon 
the decease gf a person of a given age, is gaeater than that of £1 
receivable at the expiration of a number of years certain equal to the 
complete expectation of life at that age 9 
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PAST II .— tIFE COOTIKGEKOIES. 


f&Ufrm 


(64). — Assuming that the present value of a life annuity has been 
demonstrated, show clearly and logically what is the present value of 1, 
payable at the end of the year of death, Ending equations connecting a x 
and A^n terms of v, d f and a m respectively. e 

c (65).— Given the formula l=^+(l*+^*)Aaj, find an analogous 
expression involving the values of temporary benefits, and thence deduce 
the vaWof a term assurance. 

(66), — Give a verbal interpretation of the formulas 


w ( a ) IwA-p — V (1 + J« — i<^a?) — Infix 

( fi ) AxTij = ^ dln-i a x • 

( < 

(6?). — Prove that the single premium for an assurance payable on a 
life now aged x years attaining the age of (#+£) or dying previously 


may be expressed by the formula 


to 


M* -h Da?+^ 

D» 


1 -N 


,cand show that this is equal 


(68) . — Describe the construction of the D and N columns for joint 
lives proposed ljy Professor de Mbrgan, and applied by Dr. S'arr to the 
English Life Table No. 3, and point but in what respects it differs from 
that previously used. 

(69) . — Give formulas for the following, using commutation symbols : — 

(a) Annual premium payable during in years only for an endow- 
c c ment assurance cn (#) payable at (a?-| -m+ri) or previous 
death. 


(/?) Single a premium for a temporary assurance, payable in the 
event of (ar^ dying within n years. s 

(y) Annual^ premium for a whole-life assurance on (a?), deferred 
n years, the premium payable (i) for n years, (ii) for 
the whoK# of Sfe. 


(70) . — If there be n livee all of the same age a?/ find the value of an 
annuity on the last survivor. 

(71) .— Find, fh terms of joint-life annuities, an expression for the 

value of an annuity payable only while exactly r live#t>ut of flt^ves 
survive. * t ^ 

(72) .— Obtain the value of an annuity, payable so long as two at 
least out of three ‘lives (a?)* (y), (z) are aUvfc Obtain this value also 
by general reasoning. 



<Jtap.TB4 


XXB80IBSB AND EXAMPLES. 


m 


w 

(73). — Find a formula to express the amount to wflich a life-annuity- 
due will, on the average, accumulate at the end of^he year of death, 
supposing each payment^to be invested and accumulated 'at compound 


interest. 


Explain the difference between this value and 


N,-! 
M* ’ 


(74) . — Find the value of an annuity on (#) during the lifetime of 
(y), and foutf years after the death of (y), if (a) live so lon^, * 

(75) . — Given a table of anmjp.1 premiums, show how to construct a 

corresponding table of mortality. * 

(76) . — Obtain the values of a x and A x upon De Moivre’s hypothesis 
as to the rate of mortality. 

(77) . — Qive an algebraical proof of tffe fcfrmula 


a ubc : zy» — ^'abc'^~ ®xy* & abasyt 

and show by argument that the result is correct. 

^78).^Giv6*formulas for the value of an endowment, payable 

(a) If ( x ) survive n fears. 

( f $ ) If both (#) and (y) survive n years. 

(y) If either (#) o» (y). survive n years. 

(8) If ( x ) survive, and (y) dife within n years. 

* • 

(79) . — Investigate formulas for annuities payable until the death of 

• * 

the last survivor of (#) and (y), the payments being reduced to — of 

their former amount (a) at first death, (/?) in the event only of (a?) 
dying before (y). 

(80) . — Pro va that A J ^ C = A^— 3 (A^jr-A.,.) . Does the annual pre- 
mium follow the same rule ? Prove your answer. 

(81) . — Find the value of a temporary annuity payable for m years 
if (a?) survive, or for n years i^ (y)#survije, (^) having died within the 
n years. Assume n < m . 

(82) . — Thb yearly rents of an estate belong in equal shares to four 
sisters, being equally divided at the end of each year amongstiall of the 
sisters who survive that year, the last survivor taking # the whole for the 
rest 8f her life?? Find in terms of the single and joint-life annuities an 
expression fflr the present value df the interest* of any one of them. 
Write down the general formula# for the same tiling* when the number 
of persons is n. 
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PAST H. — I/IFE COHTOrGENCIES. 




ChaIteb VIII. — Coxtebstob Tables bob Single abb Abbual 

t 

Assueakcb Pbekiums. 

(88)*— If P represents the present value of £1 to be' received at the 
end of th^ year in which a certain status may fail, and Q the present 
value of £1 per annum to be received during its continuance, prove that 

P= -® eil0 - e ^at (1 + 0 + fNa,= D* . 

c (84)* — Give a general formula for the class of benefits the single 
and annual premiums for which can be derived from Conversion Tables, 
and explain it verbally. 

(85) . — Show how Conversion Tables can be employed in finding the 
single and annual premiums for an endowment assurance. 

(86) .— Show how to construct ^ table from which ifiay be foupcr'the 

annual premium corresponding to ^iy given single premium on a whole 
life assurance. © r 

(87) . — Given the values of the single and annual premiums f6r the 
insurance of £1 on a life (x) f find thd rate of interest. 

(88) . — By th^ H M Tatile, the value of an annuity on a life aged 30 
is 17T309, and the single premium for an assurance on the life is 
*302658. Find, without referring to any book, the rate of interest at 
which thea^ values are Calculate^. 

(89) . — The mortality by a given table is such that the values of 
annuities at all agjes, at the rate of interest i percent, are identical with 
those of another table at the mte of i per-cent. Will the corresponding 
tables of annual premium^ also coincide ? Give a reason for your 
answer. 


Chapter IX.— AsmrrriE® akd Pbemiums eatable ^saotiohally 

THBOUGHOTTT THE YSAB. 


(96). — Assuming a uniform distribution &£ deaths throughout the 
year, prove the formula for the value of an annuity payable half-yearly 



Ofa$i. IX, X.I EXEBCI8ES AND EXAMPLES. 




and show that the common approximation (a#+i) agrees with the above 
to two decimal places, but not in thp third place. 

(91) . — The common rule for finding the value of an annuity payable 
half-yearly or quarterly is to add i or f to the value when payable 
yearly. What is the amodht of the error ? 

(92) . — Show that the value of a life annuity payable m timqs a year, 

• l m 

the first payment being made aft^r the interval — , is approximately 

equal to («a,+i) whatever value is assigned to m . 

(93) . — Given the formula for converting an annuity payable yearly 
into one payable m times a year, investigate a rule for finding a premium 
payable m titnes a year from*tlie annual premium. 

(94) *. — If P be the annual premium for the insurance of 1 on a life 


ip* 


(#), show that the half -yearly premium is nearly equal to ■ • /p — . 

* l*wt( r x +d) 

. — State a genera^ formula for the value of an annuity on a 
single life or combination of lives, payable m times a-year, and apply it 
to determine the value of a continuous reversionary annuity to (x) 
after {y). * 

(96) . — Find the annual premium for half-yearly annuity on (x) 
deferred n years, the first^ payment of the annuity being made six months 
after the payment of the last premium. 

(97) . — Assuming the usual correction for •the 5ralue of an annqjty 
payable quarterly, prove that the valine of a temporary annuity on a 


life (a?) payable quarterly for n years is — — + ” -f - . 


Chapter X. — Assurances payable at ant other Mohent than 
the End op the Tear* of 1)eath. 

*(98). — Find the single premium for an assurance on £ life (a?) 
payable at the instant of death. * 

e , • 1— 

(9§). — Tjfhat will th^ formula A^= — —y bepome when the Annuity 

is payable (1) half-yearly, (2) mutinies a year, (&) continuously ? 

(100). — Prove that, upfln the assumption^ a upif&rm distribution el 
deaths throughout the year, the value tof m insurance payable at the 



'** ' wi* n.*— riars comutasscisa. : 

of death ^ equal to . Expand thw expressfeiiin a 

series ^ far m terms containing t*. - 
^ (101).— Find the raise of A^]. 

(103). — Obtain an expression for the vakfe of the force of mortality 
rn tems^of the expectations of life. 


t&jJSnte XI.— -Complete Asottitieb. 


(108).— -Find an expression for the value of a continuous annuity on 
a life aged *, and thence deduce a formula far the value of 1* . 

(10t). — What is the nature of the error involved in the approximate 
formula for^the value of a complete annuity payable yearly — 

d*=a*+iA*(l+i)i? 


Deduce a more correct expressio^, on the assumption of a uniform 
distribution of deaths, and thence obtain an approximate valua tor the 
amount of the ejror involved in the above formula. 

(105). — What addition should hi made to the value of a curtate 
annuity payable yearly (a£) to obtain the value of a complete annuity 
payable half-yearly (d ( j?) ? 

£106). — Given thi formula for a complete annuity payable m times 
a year • 


obtain an expression for the vajue of ({[&£,) , a complete^annuity deferred 
t years, and payable quarterly during the joint existence of (s), (y), 
and (z). 


(W.-a».a*q 

£*»<>* + fA»— ^Aji] • 


Chapter XII. — Joist-Live Airinrmis. 

(108). — State some of ths method! which have bees suggested for the 
approximate oftbe value of; an annuity on three joint fi ves. 

w Kketyto -give file most satisfactory iesult . 

witodt «p^4 lahoar f . 



x***.xx 1 xni,} mmctnm m® mmkme. . 1&' 

(1«),— Show that if <%#=«*, ike vain* of an annuity *ai thelast 
survivor of throe lives, (*), (&), ( 4 ?), is apprcteatotdy eqpal to 

' (lid).— Shew that, if Gompertz’s formula 7 x =4(y)«* be assumed, toe 
probability of two joint lfves (a) and (y) surviving n years is identical 
with the probability of a single life (w) surviving the s&n^e period, 
where c* 7 =£*+<??. 

(111) . — Show that, if ^sss^^^V-O, where $ y, and c are constants 
independent of a? and tf, the probabilities of life of n joint 'UMP 

#, y, 2 , are identical, for all values of t f with the probabilities of 

life of ft joint lives of a uniform age w, wjiere ntP^cF + + * 

(112) . — Prove that, upoh Makeham 4 s hypothesis as to the law of 
mortality l x—k** {$)**<> the value of an annuity on m joint lives a?, y, 

z y calculated at the rate of interest i> is equal to th^ value of an 

annuity pn m joint lives of a Uniform age w, calculated at the rate of 

interest i\ where i'a= 1. 

S m “ 1 h 

(118).— How may the relation sbotfn in the previous example be 
practically applied in the approximate calculation of #the value of an 
annuity on three lives at a rate of interest of 3 per-cent, by means of 
tables of the values 'of annuities on two joint lives, calculated at 3, 8£, 
and 4 per-cent ? 


Chapter XIII. — Contingent, on Survivorship, Assurances. 


(114). — Prov* the formula for a contftig|nt assurance 

•What supposition js made, iu obtaining this formula, as to the deaths 
‘ which take fSaCe in the course of my year T 

'(115). — Find the value of an assurance on the life of (a?) provided he 
die after (y). # For which of the two lives would’ the usual medical* 
examination be required^ 

(116).— Find the single premium for an assurance for * years of 1 
oh the failure of * Hfo aged >,p*evided that aimW j^ed^aBmvehhB. 
s < (Ilf).— Write doVn, m oomrautatiott symbol*, 
for a # survivorship assurance, using Professor de 




'$#'* 3TJL^ lOfeaf* Xfl&Kl*. 

If** columns, and also the miiJMsry 

- gfv^ cmafdete Band N coJunm* for single and Joint 

H*$s* |pad also s table <& find [^A^, |*A*J, and jjjAitJ* 

* for an assurance payable 

(*} dying in the lifetime of (y), or within jf years from 

(£®).-^How would^ytm approximate to the annual premium for an 
Wfc8®ua»e payable on the death of a person aged 4*8, in the event of his 
4ji^ tto siarrivor of two persons aged respectively 75 and 70, or 
vrithin one year after the deatfy of such survivor ? 

; (181) a—li'ind a formula for t&e annual premium to assurS a payment 
on (#} attaMsg the age Of (x+n) or at previous death, provided (y) be 
living in either case ; and show how it can be adapted for the use of the 
values tabulated in the Institute Life Tables. * 

t gg 

(122).^- Show how to find the sinple premium for an assurance payable 
on the death of B aged y, provided Ve die after A aged x, and before C 
Kgfed If the premium is to bd paid annually until the risk determines, 
by what annuity* would you divide the single premium ? 

(128). — Determine A 1 ^ ^ the present value of £1 payable upon (x) 
failing either the first or last of three lives (x) , ,(y) , and (z). 

(124). — Show that == ^ x d xy — , and hence deduce the approxi- 

«? r 

mate exprer^ion for the Value of t the annual premium corresponding to 
this single premium A£„ namely, g * r -- ■ * — — — . 


OHAM&a SlV.-KEVi£ESIO ? AilY AfFUITIES. 

(125).-«ho* that «*-«*»= Wx±*3$2it+ . w:- ' 

(128).— -Find the ralueof an annuity forauch portion of & term of t 
jrews certain from 'the present time ae will remain after the death of a 
person aged «, the drat payment to he made a| the end of fee year of 
MadeafeK - ■ 


i 'f(SS7)<**«G5ve an exprlssioB for the annual premium for a contingent 
aoiwi^i^ tjto.;<te*th' ofA, agld s, and to continue as 

■ y and c, is living, 





wmmtms *#$ examples. 


.. (1,28); — An ai muity on the longest' oC 

respectively w t y, and *, is to be .enjoyed by A *&tf 

his decease it is to be divided equally between G dnmg tb^r 

joint lives, and the survivor of them is tq have tbsS ^iole. ffl&& m 
egression for the value of* B’s interest. * 

(129). — A sum S is applied in the purchase of ah annuity on three 
lives aged (#), (y), (a?); the annual payment being A whjje all three 
are alive, |A while two are alive, tnd |A while oqe is alive. Find A. 

(180) , — Required the single and annual premiums for an axm$S4y» 
payable to the last survivor of (x) and (y), to commence at first death 
if within n years ; or at the end of n year|, if both be then living, 

(181) . — Find single and Annual premiums for an annuity of 1 during 
the term which may remain between the period of y’s death and that of 
$ completing the age (x+n). 

(132). — Find the value* of an annuity on (a?), to comr^enee at ihe 
deattisof (y) and to continue payably till the end of t years from now, 
and as much longer as (a?) may live$ 

(188). — Find the value of an annuity on a life aged y, the first 
payment to be made at the end of the year of death of v a person aged ar, 
but the annuity to continue for * t years* certain whether (y) survive 
or not. 

(134) . — Find in a convenient form for computation the single and 
annual premiums for an annuity to commence # on *the death of (y)^and 
continue payable during the remainder of the life of (a?^but to be 
payable only if (y) dies within t years. 

(135) .— There are fcvo expressions for the value of a reversionary 
annuity to (a?) %£ter (y), namely: — 

2» n (*Px—nPxt) and %v n (1 + «*+„) 

J 

Give an algebraical demonstration that tb#se aje identical. 

(136) . — How wojtld you proceed to obtain the value of a reversionary 

annuity to (SJ after ( b) in the case where the two livqjf are now resident 
in* India, but (a) has the intention of living in England ait# the death 
of(i)P * 

(fe 7).'— jfa) ^toveth|jfc:{a*— -a,**); (jS^Exphia 

dearly la what respects the assumptions involved 1 in the ordinary formula 


■(!+«*+») 


clearly In what respects the assumptions involyed; in the ordinary formula 
for a reversionary annuity after the ‘death of (jp), namely, 

{<*»*-*«#)» agreS with the conditions pf'praciiqe. and give 

particulars of foe various fomulasdevtsedto remedy %han ,v<-' 
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(138) . — The formula (a*— iA^J) has been given for the value 
of a hfclf-yearly reversionary annuity payable during the life of (#) after 
the de^th of (y). On what assumption is ttfis solution approximately 
correct P 

< # 

(139) . — Deduce a formula for the value of a complete annuity to (a?), 

payable times a year, to be entered upon at the moment of the death 

of go. =&&’• 


Chapter XV. — Compound Survivorship Annuities and 
Assurances. 

(140) . — Find the present value of an annuity on a life (a?) after the 
failure oi< tfie joint existence of (y) and ( 2 ) provided that event ^ake 
place by the death of (z), 

(141) . — Show that, upon Gompfertz’s hypothesis as to the law of 
mortality, the relation |£</y*=Q^.|#ys is accurately true. 

(142) . — Find*the value of a contingent life interest for the lives of (or) 
and (y) and the survivor, after the death of ( z ), subject to the condition 
that (a) shall survive ( z ). 

(143) . — Investigate a formula for the single premium for an assurance 
payable on the death of<(#) if he die third of the three lives, (a?), (y), 
and (z), (z)' having died first. (A^). 


Chapter XVI. — CommutItion Columns, and tiieir Application 
to Varying Benefits, and to Returns of Premium. 


(144). — Explain a commutation table, and thn relations of the 
columns to each other. Why is it called a commutation table? In 
what way does thq N of the English Life Table differ from Davies’s N P 
15). — Given only the D and N columns, show how fo deduce all the 
a them. 


-—The value of a deferred annuity is 


of the c|prefcion 


D* * 


D# 


Explain fully the 
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(147) . — Having given a Xl and the value of the annuity on (#) com- 
mencing at Jc payable at the end of the first year, and increasing h per 
annum ; find the value of the corresponding assurance commencing at k 
if death occur^n the first jear, and increasing h per annum. 

(148) . — Finjl the present value of an annuity on (x) payable half- 
yearly, commencing at £1, the payments to be doubled every 10 years. 

(149) . — Investigate a formula for the annual premium for ah assurance 
on the life of (x) which is to be*l, 2, 3, . . . n psunds, according as the 
death of (x) shall take place in the 1, 2, 3, . . . nth. year, and to remain 
constant at the last-named amount during the remainder of life, (a) for 
a premium payable n times if (a?) live so l^ng,, (/?) for a premium payable 
throughout life. 

(150j. — State a formula for the net annual premium for an assurance 
on a life ( x ) commencing vyitli 1 and decreasing *05 every year until its 
extinction at the end of 20 years; the premium being tlao reduced 
by -a^th of its original amount each ^ear. 

(151) . — Explain the method o£ calculating a table of ascending 
premiums, giving the proper formulas. * What precaution must always 
be observed in practice with regar^ to the magnitude of'these premiums, 
and how would you fix the premium to be 'charged during the first term 
of years? 

(152) . — Deduce a general formula (in terms of the commutation 

columns) for the value of an annuity on a life ( x ), whose successive 
payments are w 0 > «i, W 2 » &c 

(153) . — Find the annual premium for a deferred annuity on ( x ) to 
commence n years hendb, it being stipulated that if <J(x) die before the 
annuity commences, the net premium?* paid are to be returned with 
compound interest. 

(154) . — Show in the previous question that if tha rate of interest at 
which the premiums are calculated is the gamers that at which they are 

uccumulated^say it hen the net annual premium = ^ . 

*•(155). — Prove that the single premium for an assurance of 1 on the 
life of x, with the return of the premium along with the sum assured, is** . 
equal to the annual premium to secure a» perpetuity of 1 per^ annum, 
of which tfce first payment is made at the end 'of the year in which x 
shall die. 

(156), — Find the net aftnual premium for an assur&nce of 1 payable at 
the end of (wi + n) years if ( x ) be then living, or at^iis death if that 



FART II,— LIFE CONTINGENCIES. 


t<siiph xvx, xra. 


happen after m years but before (m+n) years : it being stipulated that 
if (#)«die within % m years all the office premiums are to be returned 
except the first. 

t (157). — Find the net annual premium for an assurance on (x) of 1, 
with return of all the office premiums paid, the premium^ being payable 
for t yea*s only, 

(158). — •’Find the annual premium payable for n years for an assurance 
on th e life of (#), with return of the excess of the limited premium over 
fSeMordinaiy whole of life rate (pure premiums only) in the event of 
death occurring in the first n years. 

* (159). — A survivorship finnnity of 100 payable half-yearly till death 
on (26) after (82) is to be paid for by an annual premium, returnable 
if (26) die before (32) . Required the annual premium which sh'all give 
to tke grantpr a profit of 15 per-cent, the rat§s of mortality and interest 
being assumed as Carlisle 4 per-cent. 

(160). — Find the single premiurrj for an annuity to (#) after (yj* with 
the condition that the premium be returned if (x) die before (y). 


Grafter XVII. — Successive Lives. 

(£61) . — Show that the value of 1 to be received on the failure of the 
successive fees x and y is A# x A. y . When is the second life supposed 
to be nominated ? 

(162). — An estate is held for a single life, renewable for single lives 
successively, by payment of a ffiie of £1 at the end of the year in which 
the life in nomination fails : ^assuming that the present life is now aged x, 
and that the succeeding lives are all nominated at the age y, find the 
present value of all the fi^es tq perpetuity. 

(133). — A copyhold estate is held on three lives aged severally 
61, 50, and 45, e^pli renewable at the end of the year in Miich it drops 
by a life Of 7 years of age on payment of a fine of £5. Give an 
-^expression for the present value of all the fines for ever. 

* v — A perpetual annuity is to be enjoyed, first by a person aged x 
i‘e, afterwards ‘by a suceessor*to be appointed at hif death, and 
second life fails, by a third to be then appointed, and so on. 
the present value of the annuity or the firfct n successive 
• ages befhg all different* 
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& 

(165) * — Investigate an expression for the value of the nth presentation 
to a living. 

(166) . — Find the valut? of the second, and every third succeeding 
presentation t<* a living, assuming all the nominees to be of the s&mg 
age on presentation. 


Chapter XVIII. — Policy-Valttes. 


(167.) — Show that the values of policies which have been n years in* 
force are equal to the accumulated premiums less the accumulated 
claims. 9 

(168) . — If l x persons each buy an endowment at an annuli premium, 
show that the total amount whidh will be paid to the survivors is made 
up of*>ari accumulation ojF (a) the (premiums paid by the survivors ; 
(/?) the premiums paid by those that die. 

(169) ? — Find the value of a policy in # terms of (a) annual premiums 

and rate of interest ; (fi) annuity and annual premiums ; (y) single 
premiums at entry and at valuation. • 

(170) . — Explain undei; what conditions n ^x<n-i^x+\ and give an 
example from some known table of mortality where the anomaly occurs. 

(171) . — Clive a verbal interpretation of the expression 

(I\c + f 0 (l + ®*+») ^■»Vj»=l. 


State what this becomes when the premiums are payable for a limited 
number of years* 

(172). — If ?x denote the annual prcmiuilL for a whole-life insurance, 
Paul the annual premium for a term insurance for n years, and P^j the 
annual premium for an endowment jjpyable at the end of n years, prove 
that the value of a policy effected at the age x which has been n yeaijp in 


force may be expressed by the formula = — — “5 . 

Pawl 

' * 

(173) . — If a whole-life policy be valued by the ‘ 1 hypothetical ” or 

“re-assuran^** method, §how under what circumstances the reserve will 
be (a) greater than, (/?) less than, \y) equal to the policy-value by the 
ordinary net-premium method. * 

(174) . — Given two mortality tables, bow wo^ild you proceed to 
ascertain within what limits as to entfy-age and dur&tion the policy- 
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values brought out by the one table are greater or less than those 
brought out by thi other table ? <> 

(17SJ. — Prove that, if the annuity- values r by two several tables of 
jnortality are in the relation a'^.^ (1-f x)a, r , where k is # constant, then 
the policy-values by the two tables will f>e equal for all ages and 
duration^. What will be the relation between the probabilities of living 
a year at a&y age x (p x ) by the two tables ? 

(176) . — In two mortality tables, \A) and (B), the probability of 
living a year by the latter table is throughout less in a constant ratio 
than by the former. What relation will exist between the policy-values 
by the two tables ? f * 

(177) . — If the rate of mortality in one table be throughout greater 
than that in another table, should you expect the values oF policies 
obtained in, the ordinary way from the first table to be greater or less 
than thosye obtained from the second ? * State your reasons. 

(178) . — Given a table of policy -yalues ( n \r) for all integral values of 
x and », how would you proceed fc) ascertain the value of a whole-life 

policy, effected by yearly premiums at age x, after a duration of f 
years? ( n +±V x ). 

(179) . — Whattnodification should be introduced in the usual formula 

2Aa?+»— SParOa+fljy+w) for valuing a group of policies effected ft years 
agQ.with yearly premiums at age x , in the case where, from an unequal 
distribution of premiu^n income, it is ascertained that the yearly 
payments next falling due will, on the average, be payable 7\ months 
hence ? 9 * 

(180) . — Show to what ext£qjb the payment of claime by an assurance 
company immediately on jfroof, instead of at the end of the year of 
death, affects (a) the liability under the sum assured, (J3) the asset in 
respect of the annual premiums : gnd 'state what additional reserve is 
necessary in each case. 

(181) . — Prove that the* value, after n years, 1 of an., endowment- 
assurance policy effected on a life ( x ), payable at (x+n-\- ni) or previous 

..death, may be expressed by either of the following formulas: — 

* i 

Pa'+ii : to] Pjc :n- fw| # : m\ A x\n-\-w^ 

P.r+« : vul "h d 1 — Ax i ’n+m] 

— A j.jjly the retrospective method teethe valuation of an endow- 
‘ icy effected n years ago at age x , payable at age (#+»+»*), 
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with the condition that the whole of the office pAmiums are to be 
returned in the event of the life failing during the term of the endow- 
ment, and prove the identity of the expression thus obtained witL. that 
which would Joe arrived at by valuing separately the future benefit 
assured, and the future ne^-premium payments. * 

(183). — ShoV that the value of an endowment policy taken out at 
age or, payable in n years', is, after it has been t years in force, * 



(184). — Show that the amount of a f^?e $>r “paid-up” policy whicff 
may be given in exchange lor a whole-life assurance effected on a life 

(#), afters years’ duration, is equal to ^1— an ^ £^ ve a ver ^ 


interpretation of this expression. 

(185) . — In a society consisting cjf n members, 1 is payable at the 
death of each member by the survivors. Find an approximate expression 
for the present value of the future payments. 

(186) . — How would you proceed to value as for the 19 May 1877 
a policy dated 19 August 1818 for £100 on a life then aged 41, at a 
premium of £2. 5$. 2 d , for the first seven years, £8. 9 s. 9 d. for the 
second seven years, and £4. 14s. 4 d. for the remainder of life ? 

(187) . — The values of all the policies in an tyfice at the beginning of 
any year and the premiums for that year, both* accumulate^ at interest 
for one year, are equal to the claims of the year and the values of the 
policies at the end of *the year. Under what conditions is this true ; 
and show what modifications would be $<?quircd on the assumption that 
the premiums are payable throughout the }&ar ? 


Chapter *XIX. — Life Interests and Reversions. 

(188) . — Investigate a formula for the market value of a life interest* 

in a «term annuity. * 

(189) . — llive the formula for the value of a -life interest of 3 £s per 
annum, and state for what amount the life policy shall be effected. 
What is the value of suah policy to the purchaser of the life interest, 
after the expiration of t years ? 



so 
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(100). — If a f # Represent the value of a life-interest secured by an 
assurance effected at a given annual premium, show that at the expiration 
of » years the Value of the policy the valued the sum assured minus 

tjjie value of the premiums payable) is S^l — ^ Where S denotes 

the amount of the assurance; and further, that this expression resolves 
itself into (a f x —a, v+n ). 

(191) . — A common formula for fee value of a reversionary life- 
inforest is 

1 — (Paf-h d} (1 4“ Ct,xy) 

I\r 4" d 

If £1 is advanced in consideration of a reversionary charge so calculated, 
set out the theoretical sum assured, the theoretical cost of the annuity 
purchased, a*id the value of the charge at death of (y) coupled with the 
policy. ® 

(192) . — Find a formula for the Tfalue of a w versionary life-inteffest so 
as to return one rate of interest while the life-interest is in reversion, 
and another rate when it is in possession. 

(193) . — A, ag^cl a?, is entitled to a reversionary life interest contingent 
on his surviving (y) and (s), tmd neither leaving issue. Give the formula 
for valuing A’s interest, allowing for a single whole- world premium of m 
per-cent, and a single issue premium of n per-cent. 

(J 94). — A, aged is entitled to a sum S provided he survive B, aged y. 
Find the aftiount which a purchaser could give for the reversion. 


Chapter IX. — Sickness Benefits. 

(195). — In a given community thp ratb of sickness (average number of 
weeds’ sickness per annum) at each age, z x , =A-f Bg'#, where ga=the 
rate of mortality at age x. «. Express the value of 'the sickness benefit 
ceasing at age 70. 

/,r|fV b — If, i n {two sickness tables, (A) and (B), the rates of sickness 
hrougliout identic^}, while the probabilities of life at each age 
table (B) are less than ^ those instable (A) Ki the ratio 
O/V. what relation will hold between the values of the sickness 
jdor the two tables? 

-If tlv law of sickness be such that at any age two are 
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constantly sick for one that dies, show that the single premium for \ 
sick allowance of 10$. per week at age to cease at pge 65, is 


5218 



(198) . — Givdn a table showing at each age the number living ( ) 
and the average number of weeks’ sickness (z x ), how would you proceed 
to deduce the present value of a silk allowance of 1 per week (a) payable 
throughout life, (/?) payable up to age 70, (y) to commence at agc*SG* 
and continue throughout the remainder of life ? 

(199) — How would the formula for the present value, at age or, of r> 
sick allowarce throughout ^ life, be mcrtlifiecH in the case where it is 
assu:ned v that a member will be permanently on the sick list after 
age 70? 

(200) . — A friendly society grants the following bei^fits to its 
mem’Ae;rs : (a) a sum of £10 at death ; (/?) a weekly allowance of £1 
during the first six months' sickness, 10$. during the second six months’ 
sickness^ and os. during subsequent sjpkness up to age 70 ; (y) a 
permanent allowance of the minimum sickness rate from age 70 until 
death. State a formula for the weekly contribution necessary to provide 
the above benefits at age or, and for the reserves which ^should be in hand 
after n years, assuming that 30 per-cent of the weekly contribution is 
absorbed in expenses. 


Chapter XXI. — Construction op Tables. 

(201) . — Give a practical method of formitlg a table of the values of 

* 

(202) . — Give a method of calculating the D and N columns by £ 
continued process. 

*(203). — What, in your opinion, would be the best way, -as regards 
speed and accuracy, to construct a table of the values of annuities, having 
giveir the usual % v column of a life table ? Jf you are acquainted with 
more than dhe method of constructing the annuity table, what do you 
consider to be the special advantages of each P 

(204). — Give De Moftrre’s method of calculating the values of 
annuities, and show the applicability of Gauss’s logarithmic tables. 
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(205) . — Explain tbe formula 

r 

and apply it to the construction o£ a reversion to £1 upoii the decease of 
a single life. * 

(206) , — What conditions must the benefits fulfil to which the 

demonstration of the above formula applies, and in regard to which it 
subsists ? o 

* %(207).— Given a complete table of values of deferred annuities ( w |^) 
and of temporary annuities (\ n a x ) , for all values of x and how would 
<you proceed to verify the results ? 

(208) . — Describe how to coristruct a tabic of policy- values of whole- 

term assurances. v 

(209) . — Prove the formula x — 1 — ( V* + *0 (1 + a x+n ) , and point out 

its advantages in calculating a table of policy-values. 

(210) . — Show how to construct by a continued method tafcffis of 

policy-values of endowment assurances. What precautions would you 
take to check the results ? < « 

(211) . — Sho\£ how by a continued process to construct commutation 
columns MJ., for survivorship assurances. 

(212) . — Deduce a formula for the continued construction of a table of 
single premiums for survivorship assurances on (x) against (y) . 

(213) . — Describe ^at length a method of calculating a complete table 
of last-suryivor annuities. 

(211). — Explain how you would construct tables of the values of 
d x and A # . c 

(215) . — Show how to construct a table of premiums /or the assurance 
of 1 for the term of one yea It by a continued process. 

Chapteb XXII,— FdBMULAS of Finite Djffebences. 

(216) . — If u& be any /unction of x of n dimensions, prove that 
: * constant, and hence show how to form a table of cubes of 

il numbers expeditiously. 

Prove that A n x n *= In . 

Find A when x is variable, the increment of x being unity. 

Uy means of the formula 

A*»0»= m{ Aw-i()»“i + A^O^- 1 } , 


rO.I«uJL 



EXERCISES AND EXAMPLES. 


m 


or otherwise, form a table of the differences of the powers of nothing, 
as far as AW. 

(220) . — Investigate tha expressions 

(a) fbr u x+n in terms of A u Xt A *u Xy A 3 u x , &c. 

(ft) for A n u x in terms of u x and its successive values. 

(221) . — Show that 

Aii 71 ?n(n— 1) / 

& n u x =u x +n— y~2 — Wa?+n “2~ 


Hence show that, second differences being constant, 

Au x + 2 2 Au x + 1 + £*u x = 0 . 

(2 # 22 y . — If A x=a, and Ati x =u x+a — u X9 prove that 

n n(w— a) „ n(n— a)(n— 2a) Ao 

tix+n=u x + - A u x + ----- A 2 u x + — — A a ^ + &c. 

a 2« 2 2 . 3a 3 


(223) . — Obtain a formula for expressing u x + m in terms of u x and the 
successive finite differences A u x , A 2 u Xi &e. If Wi=4, w 2 =30, w 3 =120, 
w 4 =3^0, w 5 =780, and A 4 u x is constant, find an algebraical expression 
for u x . 

(224) . — Express w x +i in terms of u x and its successive differences. 

(225) . — (a) Given (n- fl) consecutive equidistant values, u 0 , Uh 9 

u> 2 h, • • ■ Unh , of u x , which is a rational integral algebraic 
function of x of degrae n, find* the general^expression 
for u x . 

(/?) When % x is an expression of the 4th* degree in x, and 
•«o=0, Aw 0 =l, A% 0 =1^* A a w 0 =36, A% 0 =24, find u x , 
the increment of x corresponding to the A differences 
being A, so that u x +h~ u x =Au x , 

(226) . — In the series x 6 , (#+ # /i) 5 ,^a?+2A) 6 , £r+3A) 5 , (a?+4&) 5 , . . ., 
let u x represent the first term, and h be written Aa?, and show that* 
(a?H-w) 5 , where n is a multiple of li 9 is equabto 

n A u x n(n—h) Ahi x n(n—h)(n— 2h) A *u x 

W * + jl ' A$ + - g-' ' (Ax) 2 + J * (Ax) 3 

wty--h)(n--2k)(n-—3h\ A A u x 

+ ii ' (Ax)* 

»(«— A)(n— 2h}(n— 3A)(n— 4A) A 6 ^ 

+ (5 ~ ’ (A^j?* 

li 
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II A# be made infinitely small, the value of n remaining unaltered, 
what jioes this expression become ? 

(?27 f ). — Express .the second difference of the product of two functions 
in terms of the separate functions and their respective (differences, that 
is, show that 

& 2 (u£V x ) = Ujc&tvx + 2A2/ r (Atv 4- A a z?jr) + A 2 w. r (v. r -f 2A^ A , 

and by means of the result, find A 2 (^ 1 ogir). 

*<(228). — If u x be a function of % of the form v. r =b ] x+b< l p 2 + &c. i ad 
inf.) show that it can also be expressed in the form 

h\X A^.r 2 A 

Ux ~ 1 - — X + (1 -#)'* + (1 -~xf 3 + 

(three orders of differences will suffice). 

(229) . — Show that 

u 1l as{«i vl .,-f A l tr fg -s + AHf«|.3+^ a ««-4+ • • • + A*-*t/i}+A*- | « 1 , 

and hence determine a series of such a nature that the terms after the 
first shall be respectively double the first terms of the successive grders 
of differences (?i 2 =2A 1 w 1 , t^=2A 2 ^i, and so on). 


Cii after XXIII. — Interpolation. 

<■ 

(230) . — Investigate an expression for A n v, r in terms of v. r and its 
successive values. Using the formula thus found, if in the series 1, 0, 
21, 5G, k , 252, 4G2, <&c., the sifcth differences vanish, find #c, and the sum 
of the scries to 10 terms. 

(231) . — Given u } , u l9 v and v 5 , and assuming fifth differences 
to be constant, show that 

„ - 0 + aS(c-i) + 3(g-o) 

* ** 2 • 256 

-Wn + «5j 4, C=^+7^3. 

Given w 0 = 100,000, « 4 = 98,391, w 5 =98,011, w 6 =97,615, 
Gn* series from it 10 to W] 5 , assuming that third differences are 


- If tto= 100,000, « 7 = 97,624, « 8 =97,245, and w y = 96,779, find 
h ir.sive by means of constant third differences. 
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premium at age 40 is at 3 

per-cent= '025891 

»? 

ti • »i 

3* 

„ * = 024654. 

ft 

• 

»> >» 

4 

„ =02351'; 

ft 

» » 

H 

„ =022470 

ft 

# 

>> tt 

5 

„ =021509 

ft 

• 

.»» »» 

6 

„ =0198J1 


Interpolate the corresponding at 5J per-eent — (a) using two 


of these values; (yS) usi ngfour ; and (y) using sfo. 

(235) . — Having given log 50= V698970 
log 52=1*716003 
lo£54=l*732&)4 
log 55=1*740363 

find, as accurately as possible from the above data, the value f>f log 53. 

(2»Jj[>). — Find u V2 and also w 2 , when w 5 = 55, f/ fi = 126, «;=25o, w#=484, 
2 ^ 9 = 8 ^, and A 1 is constant* 

(237V— (liven log 235 =2 37 10670 
log 230=2*3729120 
log 237=2*3747483 
log 238=2*3765770/ 

find log 23563. 

(238). — Find the Northampton 3 per-cent annuity for age 30, from 
the following table : — 


Ago, 

Northampton 

:i pci -wnt. Annuity 

21 

18-4708 

25 

17-8144 

29 

HS 

1^-1070 
] 0 * 341*2 

37 

15-5154 


(239). — (a) Given every nth term^of a series of values, i.e., u X9 Usr+m 
u x \- 2 », &c., show at length how the intermediate terms u x + 1 , u x + 2 , $c., # 
rtiay be obtained by Interpolation. 

(yS) Given that in the series u x , u x+ 19 n x +*~. 

^=9936675*4 
§!= +12767*62 
S*= — 30*3-725 
« 3 = + 422*8247 

34-72847 
S 5 = + 1-254221 



PART II. — LIFE CONTINGENCIES. [Oh»p». XXXIX, XXXV, 


m 

you are required io construct the series as far as the term u #+ 10 . What 
assumption is necessary ? 

(24Q) . — If n x be a function whose differences, when the increment of 

x is unity, are denoted by hi x , &V* , and by A^, A ht x 

when the increment of x is n\ then if bht Xi S^^ + i are in 

geometrical progression, with common ratio q , show that 

A u x —n$u x __ S\ r 

(?"-T)-n( ? -T) c “ (2-1)*' 


(241) . — Having given the values of annuities at the following rates of 
interest, namely, at 

3, pe« -cent =15*863 

3* „ =14*941 

4 „ =14*105 

4i „ =13*343 

5 „ ' =12*648 

find the value at 4*328 per-cenfc. 0 

(242) . — Define a “differential coefficient ”, and find expressions for 


,, i r d2u * d * 1l » 

the values of —z — , , -y*” 

dx dx 2 dx* 


. * in terms of the successive finite 

iw in- 
differences Su x , $u x , 

(243). — Show thjt when fourth differences are constant 


(244). — Prove that 


d'^v, v 3 

(h x + S}= approximately. 

* 4 

1 


Chapter XXIV.— Summation. 

(245). — Show that finite^ integration is equivalent to the summatioh 
of an infinite nufober of infinitely small terms. 

f24(5). — Explain the meaning of, and the necessity for, the introduction 
tant in the process of integration. 

— Show that .Sw 4T . +w =(A“ 1 ),(l-h A) w ^, and thence deduce the 
>r the sum of* n terms of a series, 

• 1 ) ^ 

f ^ At^-f . . . 



Oiup. zziy.] 


EXEUCJSES AND EXAMPLES. 


(248). — If i^=c 0 ^+^i^ 1 + ^ 2 ^+ • • «, show that 


&»U a 


n(n + 1 ) 


-<?i + 


?£(w + l)(2w+l) 
c 2 


n\n + 1$ 2 n (n + 1) (2 n 4- 1) (3^ 2 *f 3^—1) 

+ — 4 — *s+ 30 c<+ • • ■ 

(249) .—-“Let U \ , w 2j w 3 , . . . denote a series of quantities, and let S* 
denote the sum of the first x of* them (S 0 being, = 0). Having given 
the values of S», S^, . . . S ni , show how to find the values of 

U 3i . . . Um- 

(250) . — Find an expression for u x in teyns of ascending powers of xf 
where ^5 Wi = 1j3Go ) SiqWj — 5,155, SisWi — 13,370, and S>2 qUi~ 2$,635 ) 
A 3 being constant. 

(251) . — (a) Assuming the formula for the force of* mortality, 

fjL X = — ~ • -j x - , find l x in terms of /i x . 

(ft) llow can you tell, Ay mere inspection, that there is a 
mistake in the following approximate formula for the 
value of /x r ? 

l + dx) ” (^.r— 2 "I" ( hv-r§) 

M, “ 12k • 


What is the correct expression^? 

(252) . — State Lubbock’s formula for approximate summation, and 
explain generally the process by which it may be deduced. What are 
the advantages and disadvantage's of this formula, and* the limits within 
which it may usefully be applied, in the ©om nutation of life benefits ? 

(253) . — Show that 2 u x may be developed in a series proceeding by 
the differential coefficients of u. r , and prove that no differential coefficient 
of an even order will appear in the enpansign. 0 

(254) . — Deduce Woolhouse’s formula for approximate summation? 


/*« \ 

2 ( %=/ Ujrdx + „ Wo— 
0 Z 


1 duo , 1_ d 3 Uo ^ • 

12 lx + 720 dx* 


by the method of separation of symbols. 

(255). — Write down Woolhouse’s formulas for approximate summation 
(a) to deduce the value of the continuous benefit from that of the yearly 

• 1 

benefit; (ft) to deduce the value of the benefit at intervals of — th from 
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TART II. — LIFE CONTINGENCIES. 


[Chap. XXXV. 


that of the yearl/benefit ; (y) to deduce the value of the yearly benefit 
from that of the benefit at intervals of n years. 

(256) . — Prove the identity of Lubbock’s and Woolhouse’s formulas 
for approximate evaluation of the yearly benefit in terms pf the value of 
\>he benefit at intervals of n years. 

(257) . — State some of the formulas of approximate summation 
suggested by G. F. Hardy for the calculation of benefit^. Which 
would you select for practical purposc-s, in order to obtain a sufficiently 
close approximation without excessive labour? 

(258) . — Apply Lubbock’s formula for approximate summation to the 
computation of the value of a life annuity payable half-yearly, a table of 
the commutation column I) tT being given for all integral values of x. 

(259) . — Apply Woolhouse’s formula of approximate summation to the 
computation of the value of a continuous annuity on x (»*)> deduced 
from the vajue of a yearly annuity (a x ) . 

(260) . — Calculate by Lubbock’s formula of approximate sunpffation 
the values of « o ( , 30 40 and A 20i30 4() according to the Life Table printed in 
the Text-Book. 

(261) . — Find^ the value of the following benefits, by the use of «rne of 
G. F. Hardy’s formulas of approximate summation : — 




K: 


40:60 ) 
1 


A*Jo:40:60> 


A 3 

A 20:40:«o) 


A.'m)-4< 


A 


30:40:60) 


Ayo : 40 ; (H) • 


(262) .— iPind the value of a i^versionary life annuity to the survivor 
of (30) and (40) after the death of (20) =ff SO s U Tjj l9 using one of the 
formulas of approximate summation. 

(263) . — Calculate by WooHuSuse’s formula of approximate summation 
the value of an annuity to a life aged 40, to commence on the failure of 
a life aged 50, provided a life aged 30 be then alive (^.iuo)- 

(264) . — Calculate the* valuf of ; &, 40 by a formula of approximate 
suimnation, 

(265) . — Obtain the annual premium for an assurance payable on the 
death of (x) 9 provided that event happen before the failure of the 

* survivor of two lives (y), (z), or within t years after such failure. 


Fur further practical examples and illustrations of the subject of this 
m. M uleut is referred to Text-Hook, Chap, xii, §§ [53]-[63]; xiii, 
’!, xiv, §5'l.36J [44J * §§[10], [11], tl7]-[46]; also to Journal of 

vt Actuaries, vol. xxiv, \\ 95; xxvi, 276; xxvii, 122. 



' SOLUTIONS. 


Paet I. — Inteeest (including Annuities-Ceetain). 


Chadtee I. 


^1). — Text-Book, § [I] ; ( J.I.fL vol. iii, pp. $35-338; iv, pp. 61, 
72, 243, 253). 

( 2 *—§ [ 0 ]. 

^3). — § [7]. T he force of 'interest or force of > discount is the 

rate per annum at which each unft of capital is momently increasing by 

the operation of interest* It is usually denoted by S. # Thus, if i is a 

* S 

small fraction of a year, a capital of 1 will become H — at the e»d of 

• m • 

2 5 

such interval: and, at the end of — of a year, [ 1H — ) ; and, at the 

# m \ mJ 

( 8 \ m • # 

1 4- ~J f the value o £ which, when m is indefinitely 

increased, becomes c 5 = 1 ■+• / ; where i is the effective rate of interest: 

therefore • 

8=log f (t + /) # 

(4).-f[8], 

(5). — Let a* be the nominal annual rate of interest convertible* 
quarterly, and i% be the corresponding effective yearly rate: then the" 

present val^s of a sun* due three, six, 5nd nine months he*cc are, 

respectively, in terms of the nominal rate x, 

( 1+ £) ■ ( 1+ i) ; ( 1+ i) 



PAST I. — INTEBEST. 


(Obif* I. 


or in terms of the Effective rate 

(i +*')-*, (i+*V*, (!+*•)-*, 

the relation between the nominal and effective rates being exhibited by 
the equation 

. (i+D‘=(i+o. 


( 6 ).- 


(ioi) w =io * 


»AJ-01=M0=2'3026 


2*3026 


2*3026 


M*01 • -OW *00005 + . . 


=23 If approximately. 


/ i\-mn 

(?)•-§§ [9], [11]- 141+ J = «“* 

1 \ ?H =00 

l-h — ) =e iM . 

m/m=» * 

< 

/ . *05 \ 10X4 

(8) .-§[12]. (a) (l+-J =(10125)« 

I 

/* ■025\- ,I5x2 ' 

t W ( 1 +-^J =(10125)-*. 

(9) - § [15]. 

(\0) . — Theory o}‘ Finance, Cliap. i, § (23). 

* 

(11). — 4 Value of bill given by A to B = o m a. 

Value of bill given by B to A =u n b. 

Let x be the amount of the bill *lue p years hence, then * 


whence 


v n b + vP.x=zv m a 

v™a—v n b t * - 

x= *- =v m -P .a — v n ~P.b 

qP 


An approximate undue of x may be obtained as follows : 

(L-h %) ~ n b + (1 + i) ~ p x= (1 + i) ~ m a, 
ornately, • 

* t, 

b(±— t in) +x(l—ip) = a(l—im), 

♦ 

a( 1 — ini) — b( 1 — inf 

<V* ' _ ' 


approximately. 



SOLUTIONS* 


CllAPTEB II (i). 

(12). — Discount (D)=«(l — v n ) 

Annuity (a^\) = — . - - , 


whence 


■(13)— 


D:«^ = l:-r 
% 

a tl \ : D = 1 : i. 

l-a-osV* 


=£10,274. 9s. 8<Z. 

* 

^1#). — At the epoch of the first payment , three months hence, the 
value of the annuity as modificd^would be 

= (1 + ^24|) x 729 ; * 

while the value of the original annuity at the same date would be 
= y*(l + «24l) x729. 

The difference of these two values (to be deducted from the first 
payment) would be 

or [ (1 + *) - (1 + *) 1 ] «- 2 oi x 729 = £387. 12s. Id. 

(15).-§ [25]. 

(10). — Accumulated capital = 

#1 -m 

«5i(i+0 *= — t — • 

Accumulated pigments = 

(!+»)’*— 1_ 1 


1 — 


Difference 



PART !• — INTEREST. 


[Qbif* H. 


which has been proved in Example (15) to be the amount unpaid at the 
end of m years. 

(17) .— 60,000 (1 - P 2 - 5 |« 20 |) =60,000 - -5 =i£ 15,359. 7s. 5 d. 

*25| 

(18) . — §§ [24]— [26]. ( J.I.A. , vol. xi, pXL72.) 

(19) . — § [27]. For each unit invested the annual payment is 

=p nl +(*'-*)• 

®?1 i 

The annual payment in respect of a capital of V is thus 

= V(PS| + [i- + (*'- #)] , 

where P*j, «n|> and a^\ are calculated at the rate i. 

The second formula enables us to ascertain the value of the annual 
payment by means of an ordinary table of “the annuity which la will 
purchase’* at the rate i. Theory of Finance* Chap, ii, §§ (41), (42). 


(20).— § [27], 
(31).— § [28]. 

i 



1 « 1 1- 
• v = — 


t 

(22).- 

1 — v n 

v m-n . — _ — = v m Sn # 

c * l 

(23).- 

1 

d\fr lt \=v ll —. : - =V (say), 

then 

i\ , 

J ~z,=L — v' 1 , 

( 


x ( i_ S) 

whence 

n — r~ v • 


# 

(24). — Let x y y, z be the .number of years during* which B, and C 
may respectively enjoy the annuity : then 



SOLUTIONS. 


Chapter II (ii). 


(26).— § [33]. 

(26) >t J§ [36]. (J.I.A., xv, 437.) 

(27) . — §[34]. Let x be the nominal and i the effective rate of 
interest : then the capital repaid in the tfth year is, in the case of the 
annuity with yearly payments, =v n ~ i+l , and in the case of the annuity 

with wthly* payments, =t>«-*+i x - . 


(28) .— § [35] . «$•= - ar, 1 , SSi = s «S| • 

x o 

* # * 

(29) . — § [38]. The required condition is, that the payments of 
the perpetuity arc made as often as interest is convertible. See also 
Clnfl). v, pp. 119, 120. 


(30). — § [42]. (Numerical illustration of § [34]^) 

Value of Annuity = ■ 

Amount redeemed in the (J) + l)th instalments^ 5- a, where ^=(1‘025)“ 2 ; 


or 


where (1‘025) -1 . 


(31). — Equal half-yearly charge 
24 per-cent. 


» 

5,000 


, where # «<jo| is computed at 


Sinking ftmd =5,OOOP(jo| (computed at per-cent). 

Amount repaid in (p-j-l)th instalment =5,000P#5]{1 4- *025)^. 
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PABT I. — INTEBEST. 


[Cfeap.lL 


Chapter II (iii) 

(32) . — § [41]. 

(33) .-*-Table showing the formulas for the present vttlue of an 
annuity-certain for n years, instalment payable k, and interest convertible 
m times a year. 

(a) In terms of the nominal rate of interest x (or 8, when m or 
k=a o ). 

(ft) In terms of the corresponding effective rate of interest^*. 



Jc—Jc 

£=1 

» 

& = ao * 

c 

m=m 

(„) 1 . V m > 

• 

i-(i +0- 
w A e (i+i) 

W t m 

V m/ 

m ' 

(l+l)*-l 

(;*:)' - 1 

«) 

t 

m = 1 

* ft 

(ct)^ (Here x=i( 

}l l-(l + i)-“ 

wi>” a/oi-i 

(a) 'j (Here x~i) 

l < 

1 

(«) s 

l(fl + 

W A,(l+f) 

/ x l-c" 5 

W -» " 

i-a+o- 

4 

m=ao 

t 

. 1 1-f-* « 

(«) j.- 4 - - 

€k f-1 

M> 

* (1 + t)i— 1 

f 

(a) e»-3 

fO) 

1 


In all cases, 


disco unt ou 1 for n years, 

" instalments of .annuity per annum x interest on 1 for each instalment perio 


lux'Uiee,' Chap, ii, § (20). 



Chapa* XX, XXX.] 


SOLUTIONS. 


(34). — (a) Here 8 = the nominal rate of interest convertible 
momently. 

(/?) Here i =s= the nominal rate of interest convertible 
momently. 

(y) Here the ^annuity is payable yearly, and interest con-"* 
vertible momently, and* 8 = the nominal rate of 
interest ; while i = the effective rate of interest* 


(35).- 


Lct 


whence 


X 
10 ■ 


L -( i+ !) 


= x. 


« 

^1 + ^ = (1 + i f ) ; then, dividing by X, 


l-5-(l + 0-* 

10i' , 5 

HI + •> ’ 


ClIAPTER III. 


[In the following Solutions, the symbol t n ^\ is^used to represent the 
nth term of the rth order of figurate numbers* and the symbol «« if] is 
used to represent the present value of an annuity for w^years, whose 
successive payments a^e the terms of the rth order of figurate numbers]. 


( 30 ).- 


* x— l.ar— 2 .... + l 

^ — » — . 


§[45],p.68. 


The value of this when a?<r=0j and giving to x the values r, r+1, 
r-f 2, &c. 9 the successive payments of the? annuity become 


r — l.r— 2 


|r-l 


= 1 


r.r— 1 


* tzl 

r+1 .r.r— 1 • . . 


■ —r 


3 r+l.r 


>- 1 


l? 
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tOhap, HZ. 


«» 1?) =± »»• + «>»■+» »••+*+ + 

* 1_ e 


n— l.n— 2 r 

In— r 


p n 


— -<i -»>-*■= (1=5)' 


the expai^ion stopping at t? w . 

(37). — (a) Prom first principles 

» + l , 2«>*+r4t> s + . . 


-flO^ 


= 0 + v' 1 

+ 1> 3 

+ . . . 

. . + l> 4 « 

+ -2® 2 

+ ‘2»^ 

■h . . . 

. . +*2y4fi 


+ ’2t> 3 

+ . . . 

. . + -2,v v ' 



K 

+ -2v ir ' 

• 

= «46]"h *2 

p(i-®«) ^ 

®2(l-®«) 

i 

• 

= «46|+*2 

«46|— 46w« 
i 

« 


+ • • • + 


P*(l -V°) 


3 


(b) By Makeham’s formula ( J.LA xiv, 189), 

«S5| + •2^5) 51 = -h *2 . 

(c) By Gray’s formula (J.LA., xiv, 9*1, 182, 397), 

1 *2 4 ^ / 10*2 2 \ 

«40j — 46^4® 


= «46j + '2 ‘ 


z < 


(38).- 

HO).— 


_ , . Ar «2ii — 21u 21 

«21 1 + 05 : . 


2 1 H- A 2 « h| 5 ] + A 3 rt nl 4 1 

+ 7^21 if 12a^sl + Basin , 

•§§ [48H46]. 

L __ t 


o-, ~ r i 


- . ( Theory of Finance, Chap, iii, §§ (20)-(22). 



Chap. XXL] 


SOLUTIONS. 


(42). — To employ Gray’s formula, the values of Au 4h 

must first be ascertained. 

» # 

By the following method, the general law of the series and its 
differences for, any value of m can readily be ascertained. 

We have 

«m=»i + (»»— l)Aw, f — 

If 

'+ («-1) (*-?)(»-8) a . 

|3 ‘ • - 

Aw ffl =A«i+(w— l)A 2 w,+ — — ^A*«i+ . . . 

If 

A 2 a m =A 2 tii + (m— • • . 

A 3 2£ to =A 3 «!-1- . . . 

Inserting the values of u lt Aw lf A 2 u u . . . and reducing, we have 

S » 

u m = m 3 — Gm s ^13 m—7. 

* 

(Tlfis formula exhibits the general lAw of the series) 

Au,n= 3 m 2 — 9m + 8 , 

A*u m =G(m— 1) 

A-X»=6. 


Or for ?»=41 


«4i = 59361 

A 2 m 4 i = 2^0 


A 2^41 =4682 
A 3 w 4l =6. 


Now, applying Gray’s formula, we liave,¥or the value of the variable 
annuity, 


12 6 /&9361 4682 240 6\ 

f + ? + 7-*(-T , + -tr" k X + 5r) 


59361 4682 240 6 ' 


=* (when i = 05) 117066. 


(43 ).— u = 55 126 259 484 835 .. . 

A = *. .71 133 225 , 353 .... 

&= ... 62 92 128 * 

A 3 = . ... 30* 36 

* 4 

A<= 6 # . . ? . . . . 



48 


PAST I. — INTEREST. 


[Chips. EH, XT. 


Value 

= 55tf4o] + ^ l^iU] 21 + G2«4 o| sj + 30«4 o| 4] + Ga^o, 6| 

< 

= (at 5 per-cent) £1,521,443. 

(44) . — 201ai5| -j- 102«i5] §) ■+■ 38«j6 1 sj + 9af5j^+ «i6 ; 5 • 


Chapter IV (i). 

r 

(45) .— (A) 052310; (B) 052310; (C) 052310; (D) 052310. 

(46) .— (D,) 032167 ; (D 2 ) 032167. 

£ 1 / y n 

(47) . — = — ; — . The hearer n approaches to oo , the more nearly 

% 

does ^approximate to when n is large 0,71 =t approxi- 

mately, and f = — approximately. Inserting this value in the formula 

a n\ 

1 — (1 + •)-* t 

— r we have 

2> 


a v \ — 




-T‘ 

an\) 


approximately, 


^ ii-ifi+ir, 

Q>n\ V / 


(! Text- Book , Example (5), p. 171.) 

For the <5ase 094) =27, we have 

1 1 / 1 V 94 

•= %7 27 l 1 + 27 / = 03582 a PP roximatel y* 

(48).— §§ [54]-[08]. 1 


' Chapter TV (ii). 

(49) .— §§ [6G£, [67]. (■ 7.I.A. , xviii, 132.) 

(50) . — Here the formula 

C' + (C-C')~< (§[67]) 

v " -f (1 — v' n ) \ , where (1 +y) “ w , 

1 — «'*! (.7 — *)• Where a'fl = - — — — 

$ 



Cfeap. XV.] 


SOLUTIONS. 


(51).-§ [69]. ■ 

(MS. P (l4-i')”-l _ 

(j2 - ) ~ ioo ’“~* 7 - 1 ’ 

• , /100i' ,\ 

x (~7 r+1 ) 

whence • «= — r~— — - — , which is independent of the rate t. 

Mix* ) * 

* 

(Text-Book, Example (28).) ^ 

(53). — By Makeham’s formula, we have 


whence 


( 1+ 4) =w ' k+(1 - !/ " ) 7'’ 

0 

(1 — /?'^) i 
fl + f v'n 

V , 100J 


Insert a value of v' n near to th$ true rate, and then deduce i 1 by 
successive approximations. 

Or, j,s follows: — 

« »!*+«'* = l + 

but a' n ?' -f v' n = 1 

« 

««i (*-*') = ,^5 


100rtf',V| 

and i' = i — , 

WOa'f 9 

from which i may be obtained by successive approximations. 
(54). — (Text-Book, Example (6^, p. 134). 


Here we have 


p=[i-i'{i+ P )-\ ^ 4"— 1 

(1 +./)”-! _ 1 
j " *V 

J0 

P =\i-i\ 1+ P )]i; 


PSl+i'* 



PABT I. — INTEREST. 


fCk*p. IV. 


( 55 ).— («) l,Oob|»'»+(l-e'») =1,000(1 -«'55(-Or>— 03 )} 


= £750. 15*. If?. • 




= £849. 4s. llrf. 


(56). — By Makeham’s formula 


A=C'+(C-C'),„ 


we have 


where a'n | is* computed at the rate,;. 

The problem may also be solvedi as follows : 

The successive payments are 

M „ * M 

= = — (1 -f ni) 

' n y 

• 

, M 1\ M . - . 

• h ?M( ) = — (l-f?.?? — 1 ) 

n \njn 

M . * ,«-2\ M . - - 




M M 

— =-;-(l+») 

The present value hf these payments at the rate j is 

e c 

M e t> 

= — [fl , fi+i( a «l+^* 1 -J + +« , Ii)] 

n ' l 

= + . (L— + + 1 — r‘)l 

r 

( This « example illustrates the advantages of Makeharn’ft 
’ dealing with similar problems.) 



Chaps. XV, VII.] 


SOLUTIONS. 


5 1 


(57) . — Let P be the amount of the property at the commencement, 

and P 2 , P s , the amounts at the end of the 1st, 2nd, 3rd^ 

years. Then . 

p,=p[i+(i-»)#] 

P 2 =P l [l + (l-2»0»] 
p 3 =p 4 ri+(i— 3w)»] 

p /) =P p _ I [i+(i- P «0-/] 

P‘2/> = P*2/> - 1 [ _ 1 + ( l — 2 p m) i ] = 0 . 


Therefore 

whence 


1 4 - (1— 2/m)*==0 ; 

1 +/=2 pnri. 


Amount spent in ptli year 


=^-p /) _,= l -tj 


1 + f , 


Amount left at end of^?th year 

=p,=iVi[H(i^]=.-2 , V 

J — (l + .r)~ w 


(58).- 

whence 

Also 

whence 
Then we have 


76= (6+1) 

* • 

10-8571 aerate .r. • 

(l + *06)»— 1 


d()0=l x 


06 


n = 33 approximately. 
10*85714!= at rate #; 


whence, by formula (C), § [57], #=*0862*35 


Chapter VIj. 

(59), (6Gty. — §§ [84], f 85] . Tables anH Formula, (Gray), (?hap. ii, 
§§ (47)-(55), (6S)-(76). 

(61), (62 ). — Theory ojh Finance, Chap, v, §§ (28>-(30). Tables and 
Formula, Chap, ii, §§ (63)-(65), (74), # (75) 
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PAST I. — INTEBEST. 


[Chap, TO. 


(63). — Let ft n | 4 t>e the present value of an annuity. certain for n years 
payable in advance, then ( 

»5|=«ii-i| + L 

^ Similarly, let Bn\ be the amount of an annuity .certain for n years payable 
in advance, then 

* , *7?, == S7i + l|«”"l* 

We have also 

a«! = (1 + i] a n\ 

«S| = (l + »>3- 


Chap, ii, § [29]. 

(64 ). — Theory of Finance? Chap, v, §§ (19), (23), (26). 

3S(1 + 0*=«M-1 

^,_e± 9 si‘ 


S}n,7| = 


i—a t , 


Miscellaneous Examples. 


(€5). — Let x be the elective rate of interest, and let it be assumed 
that the he* 1 f -yearly dividends ean be immediately re-invested at the 
rate x: then the accumulated payments in respect of any year are 
approximately equal to 

2-5+2-5(lV *']+3 = (8 + l'25.r), 

4 

which, by the terms of the question^ = r »30.r, 

• i 

wh&ice x— *062136 nearly. 

If the dividends can be re-invested at a rate of interests.! i per 
jmnum, the formula becomes 

8+1*2,5^ = 130^, 

8 + 1-25* 

00 =r 

130 ’ 

inserting th devalue iof i, that of x can be obtained. 



HitoelUneom.] 


SOLUTIONS. 


m 


(66). — Here the accumulated payments in respect of any year, at the 
effective rate x (the re-investments of dividend being made at th$ same 
rate), become approximately equal to 

2-5J1 + tf) + 2'5^1+ ^) + 3 ( 1 + 1)=8+5-25*. 

But, in thte solution to Problem (65), it was shown that 
8 + 1*25#= 130# 

8 + 5*25# =13 4#, 

and the price to be given is therefore 

If the re-investments of dividend are made at the rate i, wo have, 
for the accumulated payments of any year, 

8 + 5-25*. 

But, in the solution to Problem (65), it was shown that, in this case, • 

S + l*25i=130# 

8 + 5*25*= 130# -MO 


in which, by inserting falues for x and i, the required price may be 
obtained. 

It is also evident that, where re-investments of dividend are 'made 
at the rate x , the value of the share just before payment # of the June 
dividend, is equal tortile value just after payment of the December 
dividend and bonus, plus six months’ interest thereon* 


= 130 ^1 + ^ = (130 x 1031068) = 131 approximately. 


(67). — (a) Dividing the income from®interest by the “mean fund*.* 
iif the middle of the year, we have 

45 OOO 

iW,ioo = om73=£i - *■ 9 * i”'-"" 4 - 

This result represents the *forcg of interest” (€), and 
the yearly rate realized may b$ deduced by the usual 
relation, 9 # 

S=log 6 (1 + 1 ) =log le (l+ *)x 2*302585, 



PART I. — IN TE ltE ST. 


| XitOtllUMMIttB* 


*013373 

whence 2 s=-0l8887=lojf„(l + 0 ; 

and *'=*04438= £4. 8tf. 8 d. per-cent. 

(f$) If i be the effective rate of interest, the fund of £1,000,000 
becomes, 'at the end of the year, =1,000,000(1 + *); 
and the income * (excluding interest), less the outgo, 
fonn§ a continuous fcimuity for one year of £30,000, 
the amount of which, at the end of the year, 


=30,000, 


i r i i l \ 

- - =80,000(1+-- +...). 
tWe(l + 0 V 2 12 J 


’ lQge(l + *) ’ V 2 

Hence, the interest earned in the year 


= 1,000,000 i + 80,000 Q - ^ + . . .) =45,000; 


whence 


. * 45,000 , 


= 04433 


J ,015,000 

' =£4. 8 A*. 8 d. per-cent approximately. 
(68). — Let i*= the number of times interest is convertible 
/ * -06Y' 

then (l + — J =1*061678 

* , / -06\ n ^ r 06 *tH)36 *000216 \ 

‘?( l+ »>=*(, 7." -2». *-*? -■■■) 

whence log, 1061678= 06- - W '- 18 + . . . 

° * n n 1 

„ „ - 4i„ * "001 S 0001)72 

or, '05!)850o=‘06— . 

’ a n- 

i 

, 0018 -000072 

and -000l49u= — 1 h • • • 

» n l 

i. 

from which it is obvious that w=12 nearly; and substituting V2n for 

«> l Vi 

n* : we have 

•■OOOl.K,: 001 - 8 -^ 2 
n 12 n 


= (*odl8— '000006) 


■ 001704 ? , , 

m= =12. 

<0001495 



SOLUTIONS. 


•025 

(61)). — Nominal rate = = 02060 =£2. 13#. 2d, per-cent. 

Effective rate (with quarterly dividends) 

= (1*00665) 4 — 1 026865 = £2. 13*. 9 d. per-cent. 

Instantaneous rate =8=log f (l + *), where *■= above effective rate 
" =log f 1*020865= log io 1*026865 x 2*302585 

= 0*65 13 =£2. 13**0 d. per-cent. 

(70). — We have ( Algebra — Exponential and Logarithmic Series) 


therefore 


. m Am— n , 1 (m-ziiS* ) 

ll,s ‘» =2 {^+« + 5fcij + --'} ; 

]+(»+£-)/ ( i If i V 

OS *l + (»-l)i^ , ‘ J l2+2ni + 8V2+2»»J + 



If i is a small fraction tlus*becoines approximately, 


log 


l + («+*)»_ 

'!+(/.— l)i l + ni’ 


Giving to n successively the values 1, 2, 3, . . . it, we have therefore, 

1 *11 1 
1 + * + 1 + 2/ + 1 + 3/ + ' ‘ ' V l + «/ 

1| 1 + li* , , 1+2U* , i+(»-MP)/) 

= +k *‘i+ii« + - +k »*i+(5r:i)i/ 

_ Mi + 1 + 2.U l+3-o» 1 + + 

~ i\° e \T+\i ' l + Ui * l + 2ii • 1 

= \ log t approximately. 



PAST II. — bl?E CONTINGENCIES. 


[Chap. Z. 


SOLUTIONS. 


Pabt II. — Life Contingencies (including Liee Annuities 


AND ASSUEANCES). 


Chaptee 1. 


(1 ) .— Text-Book §§ [l]-[4]. 

(2) . — If out of ( m+n ) trials, thq, result A lias happened m times, 
and the result B n times, then the probability that the next trial 

will produce the result A is strictly -• — rvr v / , or, in 

1 J (fl» + l) + (*+l) */*+*» + 2 9 

30 4 

the present case, (Be Morgan on Probabilities , Chap, iii, 

jLuuZ , 

P- 65.) 

This result is, however, based upon the assumption that all values 
of the required probability are* a priori, equally likely, jvhieh cannot be 
said to be true with regard tt> the probabilities of death. 

(3) . — From the conditions laid down, the total deaths in any year 
will be equal to the number of annual biiihs. If this = 7 0 we can obtain 

by successive multiplication by ^o> jpi, #2 , the values of l l9 7 a , 

h the survivors at the several ages. If we dssume jjhe numbers' 

.living between ages 0 and 1, 1 and 2, Ac., to be — — 1 , —— 2 , Ac., the 
, 2 l 

■o numbers will represent the total population! 

s nsj. 

<*) [15]. t 

ft) The effect would be to exaggerate the mortality, especially 
at' the younger ages. (J.LA. 9 xviii, 107.) 
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SOLUTIONS. 


Chapter II. 

(6). — Expressing tli# given formula in terms of the number living* 
at each age, we have 


fc+i fc+2 fc+3 lx+n lx+n 

* / ' 7 • • ■ • • / 7 «Pa?* 

i-x *a?+l ^a?+2 ^p+w-l ‘'j; ~ 


(7).— We have 

W j Pj?(^*+ ^+1+ “I~^to-l) 

== (/^ — 7;». + 1 + £p +1 — Za. + 2+ + ^w-2 — L-l + ^«-l) 

lx 


— lx+n • 


(%). — Proportion per-cent of nuftried couples =100 X ----- x 


2236 2374 

2501 X 2611 
=8129. 


., lrtA 2236 237 

” .widowers =100 X X — 

= 812. 

.. . nA 265 2374 

” wldows =100 x 25oi mli 

= 963. 

(The remaining '96 per-cent represent the deceased couples.) 


(»)•-(«) * [i*]* 
08) §[12]- 


(10) .-(a) §[18], 

• lx ly 

• • 

(ft) § [21] • »i-ii^x(l— 

• d'x+n-i dy+ n ~i 

ly m Ix^y 

(11) .— § [11], M 5 =|*.x| nSt =k=^tkz}*i?. 

9 lx % ly 

§ [20]. »-il2r»=l»J5-|n-«^. 



PABT IX. — LlFJfi OONTIN UENOIES. 


[Ghap. XI. 


^ _ ljc+n ly+n-i __ h+n ly+.n-i [x+j __ 
x n-lptf — “V • y 7 . 7 * 7 — u-ljfta+1 :p x jp.r9 

v % ty ^r+i /* 

also * 

ly+n— i (*M-« 1//+H—1 l nfix -.y—i 

nPx X n-ipy— * 7 “ 7 7~ 7 IT * ' 

lx ly* lx ly - 1 h Pv-i 

< * 

(13) . — 1 — {1 — n+mpx) } { 1 » h »$ty) } { 1 (> l pz~~ >^+ } 

(14) . — If the age c s of the three* lives are severally a?, y, the 
following are the various contingencies : — 


Die. 

Survive. 

Probability. 

None 

x.y.z' * 

Px X p { , X p s 

X 

y •* 

(1 -fx)p v *Vz 

y 

x.z 

0-Pv)Px*Pz 


x.y 

Q-Ps)PxXp» 

xy 

z 

(l-p x )(\-p y )p z 

xz 

If 

(1 ~~P'v) (1 pz)pn 

y* 

X 

' 0--Pv)0-~Pz)px 

xyz 

None 

(1 —p.r ) (1 —Pn) (1 ~pz) 


It will he found on expanding these several probabilities that the total is 
unity, which sho#s that all possible cases have been included. 

(15). — (a) 1 — (1 — n-) <[x) (1 (1 rt-ii ( fz)’ 

(P) 1 — (w-li^j; x n- I </y X Jt-ip/r) • 

b) (l-»-li>a-)C(«-iA“»/ff)«Z ; -+ («-i \ 

+ ( 1 — , Pi,') [ (« _ 1 Pjo — „]).,■) nlht'r (u- ip: — „ Pc) uPxi 

4 

4* (1 H-lPs) [»(«-l px~- iip,v)nPti 4* (u-l $ f ff~~Hpff)ul ) je]' 

(10).— §§ [27], [28]. 

(17) . — § [34]. « 

(18) . — § [34]. If, however, (/*{- 1)}* is an integer, say k, tlie rth 
cfiid / 7*4-1) th terms are equal, and the occurrence of cither (r— 1) or r 

i i 

deaths is equally probable, iy.nl more probable than that of any other 
number. „ % 

Let p bt the probability of any one of the lives surviving the 
•d : tlien the required expression is the sum of the last four 
! * expansion of {[) + (1— j p)}7, that is, 

vc -^) , +2i/i*(i-/»)»+7p(i-tf) , + (i -py. 



Ohap. II.] 


aoLimoNfl. 


/ 1 ( V) $ qq 

(21).— (a) 1— | (•9y) 10tl +lO0( - 98) 9 *( - 02) + 

08} 1- 1 (•98j 1000 +lU00('98) IW9 ('02) + 


(•98)*(02) 2 |. 


11000 > 
t, kwi^ K ' 02 n- 


(22) .-*-Ijet y=(l— 2>), represent the probability of dying during 
the year. 

ilOOO 

« ,20, OS,/"*’ 


,1000 11000 
(» f“+iooop-!+ • • • + 

(y) ’ 1 

(8) g 20 x (p + </)***>= g™, since 0? + ^) =1. 

1 * 

(Sg).— (a) -= 00139. 

( 0 ) |= 03333. 




= 00974. 


(24). — If a number* of persons are exposed to risk of death at the 


same age a 1 , 


The fcfc rate of mortality ” ( g x ) is ijie ratio of those dying 
within a year to the number living at age a\ # 

The “forcjg of mortality” (px) is the annual rate at which 
the lives are dying at age f. It may* also be defined as 
the limit of the expression 

lx- hi 1 


when m is indefinitely increased. 

The “ central death-rate’* (%) is the ratio of the numbers^ 
crying within a year to the average number living duriqg 
the year. m 

m. r = - = $ px+i approximately = - 

h+ i * a—(Jx 


g M — ~ m ' x = ~ — 1 — apprpximatelv. 
1 2 + «, 2 + ^+*, * 
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PAST II, — LIFE CONTINGENCIES. 


[Chap, XL 


(25 ). — /*<»> = <£* 

d$~ l H" dx ' $x 
according as — - — > = < -~ r 

2*1 ft l ft 

u »» + dft > = < 2d iV * 

>i j, da — i > y= < dft 


(26) . — § [37] ( J.I.A . , xvi, 450.) ft has been shown (Ex. 24) that fix 


is equal to the limit of the expression 


lx lx 


when — vanishes. By the 

1 m 

— lx 


d . Ix+'—L' 1 ^ 

definition of — l Xy it is the limit of — . Hence ^= — 7 - — - 1 X . 

doc 1 l ft doc 


(27). — 'Jfhis arises from the general principle of the Differential 


Calculus, that, where </> a . is any function of x t 



(28).- 

• 

CCDap. i, § [17].) 

« 

(29). — JVe have 

d l 

It*' 1 

* 

*• 


- 1 X 

%» 

= l x — 1 = f/j* , 

whence — •/* 

* lx\J 0 

1 9 1 dft 

lx\t px+tdt = -- =^ 4 *. 

lx 


: [ 44 ]. 
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SOLUTIOKS, 


H 


Chapteb III. 


(31). — (a) The “aveAge duration of life” (e x ) is the number of* 
years which perspns of a specified age, taken one with 
another, survive, according to the given 'table of 
mortality. 


*»=* + 


fc+1 + fc+2“f“ 
T~ 


(ft) The “probable lifetimca” \vie probable) is the number 
of years which a person of given age has an even 
chance of surviving according to the experience of a 
particular mortality table. 

t , /j, i j 

deduced from the equation -y— =£. 

lx 


(y) The “ mean age at death ” is the average age to which 
persons of a given age, taken one wth another, will 
survive, according to thfe experience of a particular 
mortality table. 


— x -f- . 


(32).— §§ [l]-[4], [8]. 



Average 

Average 

‘‘Probable 

Age 

Duration 

Age at 

Lifetime ” 


of Life. 

Death. 

,« 


0 

e x 


lx+t i 
lx ”* 

80 

5*19 

85*19 

3*75 

81 

511 

86*11 

» 4*21 

82 

5-23 

87*23 

4*00 

83 

5*27 

88*27 

4*25 

84 

4-95 

8o*95 

4*20 

85 

4*38 

89*38 

3*70 

86 

4*58 

90*58 

4*25 

87 

4*32 

91*32 

$*75 

88 

3*84 

91*84 

3*17 

89 

3*54 

92*54 , 

9 3*00 

9(/ 

2*98 

92*98 

2*50 

91 

2*97 

93*9? 

2*75 

92 

*2*58 

94*58 

2*50 

93 

2*28 

95*28 

2*25 

94 

1*79 

95*79 . 

1*75 

95 

3*30 

96*30 

1*25 

96 

*83 

96*83 

*75 

97 

*50 

•97‘50 

*50 



PART 17. — LIFE CONTINGENCrKR. 


[Ch«p> m. 


(33). — +0.r+i) or (1 — Sfa?) (i -HWi)- 


The values for q x being given for alt ages, and the expectation at the 
limiting age being zero> that for all youngei* ages could be found by 
successively applying one or other of the abov^ formulas. 1 

(34) . — (a) At age (tf^r), where d x + r is the greatest value of d 

from age x to the eftd of life. 

(/?) t years, where = ! 

*.r 

(35) . (a) § [9]. 

(ft) The probability of a life aged x dying in the wth year 
=w-i!#.r= But, by I)e Moivre’s hypothesis, 

l.V 


d\r — d\r+ != .... — d.r+n — d X \-n+l — — 1 

• 1 


tfq x =zi\q x = .... = w - 1 | ! g.r=w-‘ 7 .r=&c.= -J - for all valujp of n. 
(y) p x =-L^l x ?'=8G-.r ~l x =~\ 

lx (*X 


' ' tlx 


1 

/**>= J = , — Sr- 

* X • X 


This equality also follows from the reasoning in Solution (25), bearing 
in mind that on De Moivje’s hypothesis dx-i =d.r for all values of .r. 

(Sfe) .—q x +p x ( 1 + q$ + j ) + «p.v ( 1 + qx + a) + 

t f * 

d-v 1,r+\ . lx f j dx-\ 1 . lx\ 2 , f.r+2 ^Jr+a . 

= T + 1 + 7“ * 7 + 7 + / • / + 

lx lx lx 'jr+l l x m lv l '.r+'A 

€ 

l • 

= j- (dx + +f 4* (f'x + 1 “f /.r+2 + dx+ 2 + ) 

'X 

lK 


== j- (^ar+^4l'b^*+2+ ■ • •) — l + 

lx * * 


( 87 )- 


rim e ,r — 


X # 

lx f w -f 1 + »+2 "h + £r+ n + « 

r ' 4 


■ — nP.v(p.v+n — mpx+n e x-\ v+in) 

itlml’.r == vp.r(f.v+n — in Px+n^'x+n+m) 
c ( 

__ , 1 lx+n~^l x +n+m 

+ o r • 

have J>= i + p, r (y -J- cjjh. ,) . [Example (33) .] 
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SOLUTIONS. 


Whence 


^•+i4 - 1 


i f'-a f— 1“ 

jP*-i = ‘a 7 


• *'“fc*7+4 


** +1 “WM 

If c. r _ i = = ?\r +i =r, tho above becomes 


2h-\=]).v 

Also e.r-1 — 1 + (« + <\r) 

<lr = s 4* j?.r (fa 4* <W 1 ) 

*>+ ) = l> 4“^r+ 1 G‘ + <Ws) • 

If p x ^ l =p. v =p r+] =p, these become 

*#-!=$ +JPtt + ftr) 
i*= a 4\p(s 4- *\r+l) 

Cj-4 l = 3 4 _ 7 ) (‘a +/.r + 2 ) ■ 

Then e, P _i = e. l? only if c x — <Vh- 1 = <\r+2 > and we have 

'”*+a* : £+ J p( 2 -+ **+»). wbeiKjp 'f'j ^+2 — ^ • 

( 39 ). — § [ 1 ]. Assuming that the deaths are # equally distributed 
through the year, 

mq x persons originally aged x who die in the first year live \mq x years 
»il Sg/ “ i, ,< ’ second „ %m x \q x 

m n -\\(lx „ v ntu , „ ^rW-ikr' 

a - 

Thus the persons altogether live 


= 2 (2*+ 3 il?*+ ). • 


and the average duration will lie 


= U<z*+3, 1^+52117*+ 
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[Chaps. XXI, IT. 


FABT IT. — LIFE CONTINGENCIES. 

' 1 

(40). — Assuming the lives to die upon the average in the middle of 
the year the mean age at death is equjl to 

dwX (#+4) + H- ^4*a(^“h2|) -f< 

^ ‘ < 

' ^+0(^4- a)“h(^+iy-^+2)(^-l“l3)H-(^+2— ^+3)(^d“2i)+ 

, ‘ “* “ h ‘ ‘ - 

< 

i fc+i + fc+s+fc+s4- , 

= («+i)H 

= X+l x . 

. (41). — § [21]. 

The curtate expectation of two joint lives ( x ) and (?/) is the 
integral number of years which lives at those ages will, upon the average, 
jointly survive according to the given table of mortality, and is obtained 
by the formula 

7g+l^/+l ~ f ^r+2^y+2"f 

Uy 

which is obviously equal to the expression given in the question. 


*Ciiapteh IV. 

(42) . §§ [1], [6]. 

(43) . — § [6]. ( J.L4 xxvii, 158.) 

(44) . — §§ [3], [8]. 6 

the following is an actditional formula involving the ordinary 
approximation’ for the value of //,*, but without making any assumption 
as to the distribution of death*. 

/» € C 

Qixif^jtpxy • px+t- dt 

j S'lx+t-ly+f i. 

= / j fAj+t.dt 

. ® 

but r x + t J*t f -±-b± 1 + J nearly 

^ . -*.-c + t * <* 

{*ly+t'lx+t— 1 — ly+f lx+t+i j. 

= J 2hy dt 


_ 1 f*Yly+£'lx+t—i lx~\ 


ly+t- l.r+t +l 
lx+i'ly 


4wPi 

/ 




+ho above 



SOLUTIONS* 


(45) . — Let the year be divided into m parts. TSen the probability 
of (#) dying in the first of such paj’ts and of (y) dying afterwards^is 

_ 1 m 

m m 

Th$ probability of (a?) dying in the second interval and (y) 
t in a later interval, is • 

_ 1 m— 2 

m ^ m 

The probability of (#) dying in the wtli interval and (y) 
in a later interval, is 

__ 1 m—n* • 

m m 

The probability of (a-) dying in the (w-l)th interval and 
(y) in the miA l, is 

1 i 

m m ’ 

Summing tliese expressions, we obtain 

1/m—l + m — 2 ^ 1\__ 7^ — 1 . 

m\ m m ‘ ’ at) 2m 

If m be infinitely large this becomes in the limit =%. 

Or, if t represents the fraction of the year elapsed from its com- 
mencement to the death of (y), then, since ( x ) is equally likely to^Iie in 
any portion of the year, the probability^ at he will die in tlfb interval t 
( i.e before y) =£ ; since i may have any value from 0 to 1, the total 

Z' 1 1 

probability that £x) dies before (y)==y^tdtf= 

(46) .— § [3]. Qi 

Since the expectation of life is fqual to the annuity when .the* 
• N' 

rate of infest =0, e X y= ~ ~ and th^ above becomes 
1/-. ^ 1y - 1 , ,y m tg-A 

2\ I# y—\ ly 1.2/ lx ' 

A \ txy f'xy s 

fcjl+N'ir-l,, — N*.y_l 

2 
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PABT IT. — LIFE CONTINGENCIES. 


[Gh*pa. IV, V. 


(47) . — § [13] If, in the expression 

the approximation given in the solution of Example (41) he adopted, we 
have, as an approximate value, 

1 — tpx “Ha (.t-\px e x+ 9 1— 1 :v — 1+ 1 Px e x+t + 1 iy ) • 

The value of this probability may also be approximately 
found by substituting, another life #,Avhose expectation of life exceeds 
that of y by t years ; then 

Qi. kT)= Qi, approximately. 

(48) . § [14] . 

(«)—§§ [ 18 ], [ 21 ], [ 22 ]. 


Chapter V. 


(50).— §§ [7]— [21]. 


h* = » (J\v 4“ ^+i) 

N , a; =S/ij7+i= X 

lrx x Cjv 

t T,=iT # +2ST, +1 . 

(51). — Assuming that the age-distribution of the community, that 
is, thfc ratio of the number living at any age to the total population, 

= ~ , does^not vary at different periods for any given value of x, let 

To 

L 0 , Li, . . . represent the number of persons living between the ages 0 
and 1, 1 and 2, . . then if x hr the. age at which the pension is to com- 
mence, the number of persons above that age would be 1^+1#+ i + &c. 
=T ar , and the number of persons below age x will be T 0 — T x : hence 
(upon the supposition that money loes not yield interest) the contribu- 
tors required from each of the latter to provide a pension of £1 per 

T 

aim tun for each of the former = ' - 

lo — l.r 

1 • . — Let x be the age at which promotions are made from the 
° the intermediate class, and y that of promotion to the senior 
< * u * * ^ 

• T»— T«=f(T aD -T w ) 

T.t — T w =|(Ta,— T«) 

~ Tfio— i(Tso— Too) 



Chaps. V, 71.] 


SOLUTIONS. 


«r 


The first equation determines the value of and eitH&r of the others the 
value of y. 

The above solution m will only hold good provided the mortality 
experienced agrees with that of the table used, and that there are no 
withdrawals otherwise tlufti by death. 

(53) . — llie average age of thc # population at any time will be 

* ~ 

* (I»x» + (L,x U) + ( L,x2i)+ 

Ly + Li La + • 

and the total number of years to be lived by 

the L 0 persons will be = Lj -f- L 2 + 

the Li „ „ = |L 1 +L 2 -h 

the L 2 ,, ,, = iL 2 -h 

for the whole population • 

= l-U + 1 J Lj + 2-i Ij 2 4- 

and the average expectation • 

_ iU+l{L L +2jL 2 + 

L (J -hL 1 + L 2 + 

• 

(54) . — Since the number of annual births must equal the number of 
deaths, J 0 =209, and 

T 1(T 000 

The average age at death = ~ = — =47‘85. 

C() Zf'J 


OlTAPTEI^ VI* 

(55). — Provided the formula employed to represent the number 
living is such that its sum for s#?cessivc vijues of # can readily be 
represented by aji algebraical expression, the values of the various 
annuity assurance benefits can b«^ similarly expressed, thus obviating 
the use of numerical tables. Such an expression is that given by # 
De Moivre, 

k=86-a?. 

Messrs. Gompertz and Makeham have also given .formulas 

«-=*(*)** 


and 
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The sum of these ‘expressions for successive values of x can only be 
expressed in the form of series. 4 

Fo$ advantages in the calculation of joint-life annuities, see Chap, vi, 
§'[69], and Chap! xii, §§ [20], [26]. 

. (56).— Let 

l 

lx » ^+i ? £»?+ 2 > be represented by ar*, ar T+l i ar iP+2 , < 


qx ~ t X '~ 


ar^—ar** 1 


* 0 — r ) 


d«+« rtr*+»-«r»+»+> „ . 

«"*= c. = — — -v-* 


e *~2 + 


1 f»+l+2*Vs+£r+3+ 

2 + J- 


_ 1 _ «r*+ 1 + aH ; + 2 +«r*+ 3 + +adinj. 

- 2 H 


= i + r + r 2 + r 3 «<f ?'«/; 

0 

_1 »• _ (1 + r) _2 —q 

, 2 + 1— r - 2(l-r) 2 ? * 

(57).— §§ [7], [8], [10]/ 

(68).— §§ [13‘j-[15]. 

(59) .— log k,- log (ks?g<?) 

• = log /c + x log s -f <? r log y 
log =log It + (07+ l)log s + c^+'log.? 
« logJJ«=lo^ ?. B+1 — log l x 

=l)gs^t- (t' J ' +l — c a ')log (7 
„ =log*+e*(c— l)logy. 

To find the value of /a®, we have^ 

log c Ijc— log log « S + C*log eff 

,kx= - da}° Sclx 


= — log* *- (logeylogt c)e*. 
■ seen that this, expression is of the fortn 
A+Bc* 

II, and c are constants (§§ [14], [15]). 

— §5 [m [20]. 



Chap. VZL] 


SOLUTIONS. 


CnAPTEB VII. 

(61) .— 3 ,E 10 = ~ =*’690. 

# % 

(62) .— §§ [5], [6]. . 

(63) .-*-In § [25] it has been proved that a x <ttZ[ } 

But A^l-^l + rt*) 

while y(«*+i)= 1 — d(l -f aZ |) 

/. A, >«<*+» 

multiplying both sides by (1 + 0*, 

(1 + 

or A$>a&> 

that is^afclie value of an assurance payable at the instant of the death of 
(#) is greater than that oif a sum certain payable at the expiration of 
the complete expectation. 

( 64 ) . §§ [ 30 ], [ 39 ] -[ 14 ]. _ 

(()5). — From the investment of a unit in connection with a life (#) 
wc can obtain an annuity of i per annum for (u— A) years, and an 
assurance of (1 + 0 payable upon the attainment of age (#+?&) or at 
previous death : that is, * 

*1= (1 +0 ■ A^/if, 

or 1 = iji- \<i x + (1 + 0 (|«Aj» + mEj.) 

z= -i\n-\a x -\- (L + 0 \n—\ a x$ 

== (1 + 0 (|»A» + \n tt x) n—\®x 

whence \ n A x —v(l + \ n -i(*x) — !»«.*? . 

(tiG). — (a) 0 (l + |»_i 0 4r ) represents tbg) valu$ of an annuity of 1 foi: 

n years payable at the end of each year, provided 
the life (#) be inexistence at thn beginning of the 
year. 

| rfcx represents the value of a similar annuity, provided* 
the life (#) he in existence ai* the end of the Jrear, 
The difference between the value of these two annuities 
represents the present value of 1 payable at the end 
of the year in which the life (&) fails, provided that 

• f 

event happen within the n years. 
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[Chap. VII. 


(P) If an assurance on (x) were payable at the end of the 
first year, its valne would be v ; but, under the 
conditions of the given formula, the sum is payable 
’ after n years or at the end of the yeafc of previous 
death : we must therefore deduct from v the value 
of the interest thareon for the term of (n— 1) years 
during the life of (x ) — that is, iv\ n ^a x , ol d\n-\a x ; 

= p — dn^a x . 

(67). — A capital of 1 will provide a payment of i at the end of each 
of 'the (t — 1) years while thc^ life ( x ) is living, with a return of the 
capital and one year’s interest at the end of the period or at the end of 
the year in which the life fails : thus, 


whence 


1 — i\t~ (1 + »)A^| y, 

1 


Ait] — 


1 + i 


1 i\t—\d x * 

— l + i — = V- C 1 “ «0 \i-^ 






_ (1 — v)Na. + (l 

D* 

K 

* 

(68).— §S [53], [54], 

It shouldf be noted that in Dr. Farr’s tables 

t 

D;e + 1:0 + 1+ 


( 09 ), 


( a ) ‘ 


09) 


( r) 0) v 


Mj* n i^.v+i/i + n 

N.r—1 — Nj.+ «_i 

M. r 

^ x \-n 


(“) 


Nj._i 
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(70) . — § [82]. 

The annuity is equal t<* 

SP-V{1-(1 -tp x y} = » t {ntpx- n -^^ UPxY 

+ Hn^n^ M3 _ 

=?S ( “-* ) y < | ntpx—^p^tPxx + — 1» xxx— ■ • • ±tfW . ,(»)| 

n(n— 1) 1)(« — 2) 

— MU' 12 : tfavrjj — (>t) 

(71) .— § [85 J. 

(72) . — — IPs) + tpxz {\ — tPy) 4" tPyzQ tPx) 4" tpxyz] 

= %V l [tPxif -£ tPxz + tPys — %Pxyz\ 

— tt\ry “I" + tty~ — 2 it xyz ■ 

If an annuity of 1 be purchased on® the joint existence of each possible 
pair of lives, we shall evidently have a total anntiity payment of 3 so 
long as all tin* lives are in existei/e, arid as eacli of the. lives is included 
in two pairs, the failure of any life will reduce the annuity to 1, and the 
failure of a second life wijl extinguish it . It is evident, therefore, that the 
required case will be exactly met b\ the purchase of an annuity of 1 on 
each possible pair of lives, less an annuity of 2 during the joint existence 
of all three lives — that is, 


m (tf.17/ 4- Cf a'z 4 * <hiz 2 a X yP) . 

(73) . — § [9JJ]-[97]. (J.LA., xxiii^ 244.) * 

(74) . — § [09]. — The value of this annufty is approximately equal to 
a xs where the value of z is deduced from the formula 0 *-= -f t. 

(75) . — § [103]. 

(76) .— §§ [1G5]-[107]. 

(77) ; -§ [113]* 

(7$)-~ («) 
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(79) . — (a) 0^ 4 ( 0 ® — 0 xy ) 4 ( a y — a xy) 

71 ft W 

2m\ 


=s<«, +%)+ (i 


m 


(P) a xy + ■— ( a y — a xy),+ { a x — a a'z/) 


= a x + -(«$—' a^'). 

11 

(80).-A iie =l- £ /(H-^) 

= 1 d{\ 4" 3 &x ““ da xx 4- &xxx) 

= [l-tf(l4- w)]-3[l-^(l+^)]+3[l--rf(l + ^)] 

= &xxx — 9 (A au . Ax ) . 

The anni\al premiums would not follow H 16 same rule, for 

p Aj Axxx — 3(Ajp — Ax) 

xxx 1 (1 4 ~ Gxaw) — ‘3 (jl.vx — a x) 


while ^xxx — 3 “ P^p) — : 


3Aave ^ 3Aa; 


1 4* a xx\ 1 4“ a xx i + a JC 

(81) . — | m a x 4* n a x\y = I m a x 4* \n a y \n a xy 

= \m a x \n a x 4" \n a &, 

== n\m-n a x 4" In&xy • 

4 

(82) . — the several ages be w, x t y, z, then the interest of (w) 
is equal to 

1 Mi \ n <21 , 1 m , 

t 

which may be symbolically expressed (§ [85]) 
ia-wC#) + W(ZV3Z 3 ) + iffl w (Z I -2Z*+8Z») + 0 W (Z«-Z*4-Z 2 -Z3) 
=^(Z°-|Zi+iZWZ 3 ) 

c 

v — a w s ( a wx 4- #iry 4“ (t wz) 4 - s (&wxy 4“ 0 wyz 4" a wxz\ — \ a wxyz • 

4 

For two lives ( 10 ), \x ) , we have 

3#w.r 4* = Q"w — i a wx—^w(j ^ — aZ 1 )* 

lives ( w ), (or), (y),‘ 

// 4~ a (fftv.r 4“ V W y — 2a W x») 4“ iPtv — ft wx — ttwy 4" 0«w y) 

~ *' iv * “a ( ft h .r 4“ Miny) 4“ \ttwxy 
-v(Z v 



Ohftpt. VIZ, Tin.] 


SOLUTIONS. 


.For four lives (as above), 

«„( Z»— iZ*+*Z»— *Z*). 

The expression for n lives is thus evidently 

|Z S + — •. db^Z»->) 

which may be symbolically expre^ed as 



„ r 

•log e (l + Z)-l 



a w I 

z J 


and is equal to 




a w — i (ftwx + a wy 


• • • •) +\{P'wxy J r a wxz'\’ a wyz'\ m • • 

...) 


■•••).+ 




If all t&e lives are of the same age (#), the expression becomes 

f _l_ („_!)(*— 2 )_ . («— 1)(»— 2)(«— 3) _ , 

a x — a xx "1 ~r~ a xxx -ap — a xxxx "i . • 

[2 |3 5 

i ~ tt xxxxx (h) • 

n 


Chapteb VIII. 

(83). — A capita? uf 1 will produce an income of i jpcr annum during 
the continuance^of any status, the value of % which is by hypothesis *'Q; 
and, at the end of the year in which the status fails, a payment of 
(1-M), the present value of which is P(l + fc‘), hence* 

l = *Q + pfl+$, 

_ 1-*Q 


If the status be a single life (#), we have 

1*= ia x 4- A^(l 4- *) ♦ 

whence (multiplying by D*) 

D *= ^'Nap 4- (1 4- i) Mj. . 


(84). — § [33]. 



74 


FAST II. — LIFE CONTINGENCIES. 


[Ch&pi. Tni, IX. 


( 85 ).- 


A®n{ — 1 — ^(l + |n-i a os) 
1 


P«n! = 




-d. 


Hence, applying the principle set out in § £33], the tables must he 
entered with the value of a .temporary annuity on the life (a?) for (»— 1) 
years. 


( 86 ). — § [ 32 ]. 


p — ^ . 

1 * 1 + a x 1 — A# * 


hence, by calculating the value of this expression for successive values of 
A&t we have the table required^. 



and 


( 88 ). — 


■ j __ 

i-d a ,- p ,( i - a x y 

1— Mb=(l+OA* 

_ 697342 

*“ C+A* “ 17*488558 ~ 


(89). — § [ 24 ]. ^ (Chap, xviii, § [52].) 


CriAPTfE IK. 

« 

(b0).-§§ [fl]-[9]. 

(91). — It is shown in §§ [21], [22], that the value of an annuity 
Upon a life (#), payable m times a year, 


«£ n, =^+ ^ 


*-l 


2m 


m 2 — 1 
12 m 2 




rr x] — a ->' +T Tg (^+ 8) 
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the amount of the error is therefore 4 tV(/ x « +^) * n case a half- 
yearly annuity, and 4-&0**4 8) ii^the case of a quarterly annuity. 

(92). — § [£8]. iiaJ*J== ap]>roximately J0** n, 4a£ M> ) 


1/ wi— 1 . w+l\ 

== 2{ ax t-2m +a ‘ + -^r) 


= 4^) approximately. 

(93) . — §§ [39]— [41]. 

(94) . — From the result in § [41], wc have 


approximately ’ 


and the half-yearly premium 


2 l-i(P „+d) 


approximately. 


(95). — a\^ z . . . — a WXJ)S _ 4 
If m = oo , this becomes 


w— 1 w 2 — 1 
2im 12m 2 


+ • • • 4^). 


iiioxyz . . . — ... . 4 a Ta (/*iu 4/*a?4/ty 4/^4 4 ^) 


— 11 x a $y 


— (^.r a xy) + jg • 




!+!»«» 


1 4 \n a x 


approximately. 


Da+tt* Na?^»4 iRg+w 

__ Djp Dx+n 

Ng^-r— ^»+» 

D-u 

N a? 4. w 4iDa;+n 

N-p-i — Naj+*» 

This expression may also be^written — — . 
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(97).- 

== ( a x “hi) — (»j?+ n + 1) 

= ^a? ^ ^ar+n , 3 / - Da?+» \ 

D® 1)# & li- D# / 


Nay — Nay+ft — "li^ar+w , 8 

D* 8* 


This expression may also be written 


Ni— | — N.p+ W _g 

i T x * 


Chapteb X. 

( 98 ) .— [ 12 ], [ 16 ], [ 17 ]. 

(99) . — Let i be the effective rate of interest, and let 

y»=2[(i+o*-i] 

y<»)=«»[( i +*)»-i] 

\ 

be the nominal rates when interest is payable half-yearly, or m times a 
year respectively, i 
Then we have 

i=y««p+(i+ J f)A? 

whence (1) . 

i+f 

ft 

« 1 /,(»*) 

(2) A { ™ } ^ JwP* . 

1+^ 

4 « m 

,y <m) =8, ap.d =0, and we have 
m 

(3) . A£=l — 8d#. 

Chap. ix, S fl3] ; Chap.x, §[7]. 

the 3 *ear he divided into m equal intervals ; then, as it is 
h that a giveudifc (#) will fail during any of these intervals, 
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tbe present value, at the commencement of the year o? death, of the sum 
payable at the instant of death wilj be, upon the averse, 

1.1 3 . ?»»n 1 r? 

m^ +Vm+ +->=*[(l+o£-l]* 

Let w=» , then this expression becomes i-— ^ (a). 
t do 

If the sum be payabl^ at the end of the year of death, the 

present value at the commencement of that year* will be uniformly v. 

Thus 

A*:A*= ^ 

i / i j? i 3 \ 

or A x = g ( M = ( 1 + 2 " 12 + 2iJ A,r a PP roximatel y* 




whencef 


(102) . — § [20]. 


l = &*U-i®.r"b (1 4* QA^| 

1 == *^jw-^ar + , 

Ami' == 1 — • 


ClLAPTER XI. 


(103). — Chap, ix, § [22]. 

fMtl , m — 1 m 9 — 1 ~ 

&=**+- a»--l2^ ( ^ +8) 

If m=co , 

• • 

+ i — iV (/*« 4" ^) » 

whence, eliminating the element of interest, 

• ^ 

e x or § x =e x +- +- 


(104}—§§ [3], [5], [7]. 


(105).— <S«W»+ ^ - g , formula (11.), 


, 1 ftj+8 y, A 3 _ Hx 

_ r* + 4 16 ) + 4 • 48 


, yl + A«. _ fl,r 8 ^ • 

“** + V 4 . 12 ,16/ 
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[otutpi. xi, xn. 


(106).- 

u *v* «. 

, I Ae+t:0-M:*+t l_ H‘x+tiV+Uz+t\ 

' ~ iC ¥ "192“; 

.,«(4) i *dA^rir* 

f| ** + 8 192 * 

(107). — § [11]. 

ClIAPTEK XTT. 

(108W§§ [8]— [11]. 

(109) . — § [12]. 

(110) . §§ [17]— [22]. 

== y<c*+<?*4'* w -l> 

but M ^ w =^c«<c n -l); 

therefore if w is deduced* from the equation 

c«i+ cv=c w , 

or from the equivalent relation 

4 

the probabilities for the single life ( w ) will be identical for all values of 
n, with those for t*he joint lives (,r), (y). 

(111) .— Chap, vi, § [28] ; t Chap. xii, §§ [26], [27]. 

(112) .-§§ [43]-[J6]. (J.7.A., xv, 401.) 

(113) . — §§ [47] -[61]. * 



Chap, Xlili] 
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Chai'Tbb XIII. 


(114) .— § & [3] -[5] —The single premium may also be approximately 
obtained by the following process, in which no assumption is made as t8 
the distribution of deaths. [See also Solution of Ex. 44, p. 64,] 

At, approximately 

= — Pxfiy.x+i} approximately. ( J.I.A . , xv, 123.) 

* V 2>x-\ / 

(115) .— r A^=A,-AJ, 

The liffl y must be medically examined, but if y is much older than x, 
both lives should be examined. 

(11$). — — n^Axy 

== — V n nP.vyk x \n :y+n 



(117) .— §§ [U], [15]. 

(118) \tK„ = 

1 Kru 


Vx-\ 


Vli - 1 ' 


|Ar//= 

J Ary 

A — (Njj Ntf+tf) 

\fA, v = *T 1 

JAr • 


v(Ny-i — N }f + t-\) ~ ON* ““^ + 4) 
l<A » = ]5* • 


then A^. = kA.^ — V A^ 

^A^y — If A# !/A zv 
kA xy — A^y 


— IfAjy l/A x J . 
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[Oh*?, XUL 


(119). — §§ [21] -[23]. 

An approximate value for the single premium can also be 
found, as follows [see Solution to Ex. (114)] : t 


AJ,y(j|) — 1^® + -- Ix+t+nJy+n'px+t+n 

•y i# Ly 

< _ /* 1 

=i*A *XJ vtJrn JJ y l v+*' 


dn 


lto+t+n—\ — 1#+t+n + 1 
c 2 


dn approximately 


— !$A®-|- — (t-ip x .ay :*+<-! — t+iPx'dy a>+f+i) 


. T" , T>x+t {dyuv+t - P - \ 

- |<A * + 2 d ; vf^r~ p ' +t - ai ' i * +f+i ) 

If tf=l thi^becomes 

The value of this a*si\rance may also be found approximately by 
substituting another life z , whose expectation of life exceeds that of y 
oy t years, then 

Ai ; ^f)=Ai approximately. 


(120). — We have 

AJa ; 75 : 7 o(Il ) — Ajy ; 75(1!^: + A^- 70(1“) A 4* 75 : 7 o(f|) • 

If fl 75 ; 7 o=«w, this becomes approximately 

— Ai . 7 ^ 1 ) + : 7 u (ff) A^. H <fj) . 

Then, if ^=^ 76 +l, fy=e? 70 4-l, 5s=£«>+l the expression becomes 
approximately 

ifcAi : ^+A^ ;i/ A^.*. 

r> 

Or we may proceed as in the previous example (119), where it is w 
shown that * 

*’*§'»+ ulr- 1 ( — —px+i-ay.x+i) approximately. 

JJJx \ p x / 

-resent case 75.70 and #=48 ; the above expression there- 

A i : 7 & 770 (l I > — 48 + ^ “^ 49 ^ 7 oTFo: 60 ^’ 
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which becomes, if (% 0: -5=«w, 

♦ 

. ^49 r«70:48+«76:4H— ' %C:48 „ 

— ^48+ 2D^L *”^48 — i>49WO:50+®76:SO— '«W:50; J- 

A more accurate solution *may be obtained by the use of one of the # 
formulas of approximate summation given in Chap, xxiv. [See 
Example (€65)]. 

The divisor for the annual premium will be either 

( 1 + **48 : 70 Iw) = 1 + **48 : 70 + **48 : 75 “ **48 : 70 : 75 > 

in the case where it is payable until the failure of the joint existencl^f 
(48) and the survivor of (70) and (75)*; or 


(1 + **48 :70 :7fl(ll)) — (H" **4s) VC“ (**49 **49 :75 **40:70 + **49 :70 :7f») * 

• ^48 J 

in the case where it is payable until the failure of the joint existence of 
(48) and the survivor of (70) and (75) and for one year longer if (48) 
live so«iong. * 

(121). — The single premium lor the benefit required is equal to 


A X// “ t* 


D.T+ »:?/ + » 


D, 


•ry 


_ A1 , Dji+M^+W/ia 1 \ 

— A r#T t \ n a;i -n:v+tt/ 

1J xy 


"at Kxv+ !>*->. 7 /-.J 

L IWn:y +«[*! f ( A , **.r+%-l:2*f« **.r+«:y+»-i ) "1 

Px - 1 > 


• ^ 

all of which values will be found in the Institute Tables. The annual 
premium wo^Jd be obtained by dividing the*abov§ expression by 

(1 + = (1 +♦*##) — J- — (l + ^+»:2f+w)* 
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[Chaps. XHX, XIV. 


(122). — § [25]- e The divisor for the annual premium would be 

(12®.- A^=A X -A! ; „ 

=A x —A] ct/ —A] ca +2A] clia . 

(124).— §§ [32], [33]. . {J.I.A., xv, 119.) 

<■ 


Chapter XIV. 

(125) .— §[17]. 

Dy+i 4" D// -f 2~f ■ * ■ _* ^r+i:y+l4 -Da ?+2:y+2 “ h • • » 

Dy l)xy 

(Jx&y + 1 4~ + 2 + . . •) — (£ r+l Dy + l 4~ Ar+2D.y-t 2+ • • •) 

f fcUy 

^rPy+l~l~ (^a? + ^c+i)Py+2+ ■ • . 

/jDy 

dcc^y Hr + » » » ^ 

/ lT Dy , 

(126) .— § [11]. al-\ t a x . 

t 

(127) . a x\jz z=:a vz a x:yz 

f = ^ + 0>z — a yz G.vy n xz 4 - G.rifz • 

The divisor £pr the annual premium is = (1 4-tf,.-) 

= 1 + Q>xy 4“ Uxz — tt xyz • 

(128) . — B’s interest is equal to t 

\ a x\yz-\~ a xz\>j 

= ^ {. a ytt — ttxyz) 4- (#y ®x y — Uyz 4" G>xyz) 

= ( a y — a#y) — i {ayz — cixyz) 

== fyr|y 3®.rly« • 

n 20) - S= A . 4- -%Hax\yz 4- a v \ xs 4- a s ^ y ) 

+ i^( a fz\x + 4- #»!„) 

A 2 (^a> 4* 4" # 3 ) Q>x yz 

" A 5 


A= 


5S 


2{a» 4- +**)—**»/ 



Chip, XIV.] 
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(130) . — The value for the first n years is equal to' 
| n^x 4" n^y — 2j n a xy j 
and after n J'ears is equal to 

n\ a x 4“ 7i \Pn — n\Qxy 

The total value is thus 


fix + My \n a scy — a xy \n a xy • 

The annual premium would he obtained by dividing the above expression 
by (l + | w _i0^). 

(131) . — Single Premium = | H a x — \ n a $y i 

Divisor for Annual Premium = (1 -f \ n -\^xy) ■ 


(132) . dy\,rt = Rgt\ flyi \ : // 

= a x 4* ft f' — a — Mxy — \t a y "h \t a \ry 
= i\^x — l\ (t .vy 4* a t , | fGy 
= t'Pn\x 4“ tt y\t\ • 

(133) . — For the first i year# reckoning from the end of the year of 
death of (#), the value of the annuity is evidently equal to 

Aj.(14- n f-\ ) 

After 1 years the value is equal to 


v® uffy+n Lv hv+n-t+l\ 

=;S,>y ly+n ly +n hr +gi—t+ i \ 

V hi h'hi ) 

= vt tPy( a yl £— «*£:*+/) = ( a t f+t—a X: y + i)- 

1 *y 


The total value is thus equal to 


Atf-(l-HflV_ n) 4- T ! :?/+?)• 

J *y 

Another solution may be obtained as follows: — The annuity, for the 
first t years Is payable if (.r) be dead, irrespective of the life (y), and its 
value is equal to 

h 

a 9 
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After t years, the annuity is payable (i ) in the event of (x) having died 
not more than t years previously, irrespective of the life (y) ; or (ii) in 
the -event of (x) having died more than t years previously, provided (y) 
ly* living: itsvalue is therefore equal to 



—rffap—ipr . a X Ji t *f tfiv • a y+t““tPy • ttf.f+i) 

* I 

\)ff 

i 

Adding to this the value for the first t years, we have 

Of— (1 — V f )a r + 1 ~ +< (a„+t-it*-.y+i) 
i l, v 

This is equal to the value previously deduced, for 

<HS— (1- CLr-^0 0 — «*)= l ~ { 1 - A.r= A* (l + a~-i ) . • 

(134). — The required single premium' is equal to 


a y\x' 


IXr-i t-y vl 


(fljr+fJ.r-f t) 


■ if ~bt 




(tf.i-+/~“^+f:0+/) * 


The divisor for the annual premium is equal to (1 -f r// ) • 

(135) . — § [18 j. ' 

(130).— §§ [10], [37 J. 

(137) — 

( a ) A * - 1 

* ^.r — #,17/ ®.r — 

l + f 

W §§‘[^]’[35]. 

"*§ ,24]. It isr assumed that the first; payment of ‘the annuity 
■ made at the end of the year of death of (y), and that there will 
••-•qiortionate payment at the death of fr). 

•» -5SL2S>LS»]- 
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CHATTER XV. 


(140) . — §§ [6]-[ll], [48], [19]. 

(141) . — §*[8]. 

(142) .»— The value of the annuity is evidently equal to 



h+i-Ps+t* Lv + t{ty+i- 9 <tx-\-t'.!)-\ h +*) a x + t\dt 


1 /»*> 

== 7 7 7 f fiz+l-Lv Vl\J'U+t(!1 u-tt + \-t) "Irlytt.v 

h’ f f/f z*' 1 • 


This expression may he summed hy one of the formulas of approximate 
summation in Chap. xxiv. 

The annuity is also equal to that of (i) a reversionary twmuity to 
after (ft) ; (ii) a reversionary annuity to (i/) after the last survivor of 
(x) and (z) provided fail first, that is 

— ^ i\ *t* ^ u xij 

^ {/i ) it * 

The value of a x \ lt may ho obtained hy reference to §§ L(J]-[11], 

Li&J. [i»]- 

— §§ [12], [13 J . 


Chatter XVI. 


(144-;. — §§ [3]-[5], Chap, vii, §tl4] fc 
(145).— § [6].. 

(14®).-§§[9], [10], 


Nj-. t 

’ "D, ' 


_ ^NT.r- t 1 Kr—t _ 

/ Da? 


= «x~t 


N, 


a+^ 

tpx-t 


From this expression it will be seen that represents the accumulated 

amount, after t years, of tin; value of an annuity tfn a life aged (a?—/), 
allowing for mortal'll // and interest. If deduction be made of the 
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accumulated amourtt of the payments made under the annuity (also 
allowing for mortality and interest) 

the difference is equal to 

Dj ? —t N-p— Dg-g N# 

' 577 ' "57 577 67 ~ Dj.- — l ‘ x ' 

(147). — Chap, vii, § [48]. We have 


But 


(Vrt)a-= 


fcN# + /iS iU + 1 


/ \\ ^ 4* ABjrr-t l 

(vA) x = -- - - . 

M x =yN" J7 _i — N\ r i liaj+) = t'S^. — 8, r+ 1 
_ ACcN,-!— Na,) + A(rS x — Sj,+i) 

w a 


(vA)*. 


_ « (*N*_, + HSS) - (*N* + AS* + ,) 

"57 

=*> 

= »( va )*— (v«). t .. 

(148). — 

/N.,J 1\ , D.r+loA N.r -)-]() l’N , 2j),.+2o/ISl # 52CI I 

V S llW V I>.r UW 47 
4D a . + 3 0 / r N a .^:jo IN , 8Dj. + 4o/N fl .+4« 

+ "B/V !),+» V 1>I- llWc, 4^ 

= ^ • [N# -h N#+ 10 4” 2N.r ^ *») 4 4 Njm 3f) 4* SNa-+40 4- 

4- i(Dj; 4* D^+lo 4- 2D#+2 <j 4 d'Djj+at) 4“ 8D#+4 tt 4“ ) ] • 

‘ IK 2N#= (N*4N,+ ltt 4N* + »4 ) 

and SD a -=(D#+I.V+io-!;I)#+ 2 o+ ), 

the above becomes 

"J) t2N#+2N#+ ao 4-2SN a? +3o+4SN#+4o4- 

4 l(2D.,H"SD#+2o4-2SD^+3o-f 4SD#+4 o4" )] • 

-The single* premium is equal to 
M# 4 M.r+j 4“ M#+24" -|-M#+^-j B#— li#+« 

d ; w« 5 
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the annual premium (a) payable for n years 

R*— R#+» 

(/?) payable throughout life 

___ Rjr '•"Rtf+n 

' - "N,:r* 

/ j r ,v\ (Mj; Mj;+ a)) a T) ( ~ Ra?+ao ""“^- 9 ^A , +ao) 

{ ° 7Nw-N^)- l V^-8 J+tt -l»N. + “i.)' 

M# — a 1 (j(R>C + l~~R^ , + ») 

g l 0 (S^— S 4 »+ 2 o) * 

This may be also expressed as 

N lV — aV(%+ 1 ” or ~ to (Nj ^ j ■ +20)* j 

* N lC _i — a -- 0 (bj— ^.c-f 20 ) Nj?-i — a \j(Sj* S^+ao) 

(151) .-§§[27]-[37]. 

(152) .— §§ [39]- [43]. 

(153) .— -Equating the benefited payment side, we have 

*{(i+j)c,+[a+j)+(i+j»(W.+ 

+ [(1 +j) + (l-fj)H •;...+ (l+i) S ]C I+ »- 1 } 

= 7 r(N,f_i— N .,h w -i) [where C and N give calculated at the rate 
of interest »], 

which becomes 

^j;+u“l" 7r ( (i -£/) m j, + (i +y) 4 M 

t (1 

=^(N. c _i— [whore *' U |«=^y- — -J> 


whence 


N* 


(Njy-l — Naj+a-] )-t(i+j)M x +(i +jy m* + i + . . + (i +^m t+b } 

# t « 

( 154 ). — If jzsi, the denominator in the above expression becomes 

= (N*-i-N J+ *-i)- ((ltO(rN^i-N J ) + (l+p*(fN,-N J+1 )+ . . . 

+ (1 + Njt+(|-^ — (1 } 



ro»j.are 
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whioh beoomest after simplification and reduction, 

sNat+a-jOsi + (1 +*)“-l) -Na, +n (l+t)«il 

N«4-« 


STSS 


D*+»(l +*)*»! 1 


4 t ji i aa 

This result may also be expressed in the form , which is obviously 

C a »l 

equal to the annual premium for a deferred annuity when the element o: 
mortality is entirely eliminated during the term of n years. 

(155).— §§ [53], [54]. 

(1$6). — If tt be the net annual premium, and ir(l + ik) + c tht 
corresponding office premium, we have 

i ' « 

* 57 ~5~ 


whence 


[ir(l + — lix+m — lM^ +gn) 


P#+flH-»4‘M ;c + w --Ma»+ia+w + o (Ra«+i — Ra?+m — W — 

^x — + — Hir+w — W — 1M x+m) 

i 


(157). — Making the tame assumptions as in the previous solution, 
we have 


^<p— 1"“ (1 “I" (Ra?~Rfl?+tf) 

, < * 


(158).- 


— "N x +n—i M® 


Da? 


Ma? , ( _ Ma* ’^/'R# — R#+» — 

~d. + v~ n„t,A b; ) 


M»“f EJ — (K® — ii®+» — wM«+b) t 

■ ff'-v. . 

NJ— l •”■&#+ n-l — (H® Rji+» — »M»+ n) 


*tl59). — (J.LA., kxi, 67.) 
(ISO) 4 , — §§ [92], [93]. 
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Chapter XVII. 

(161). — § [6]. 

(162) .— §§ [7]-[0]. • 

— (flfli + dm + 0&) 

(163) .— §§ [16]— [19] . 5 ' . 

(164) . — §§ [20]— [22]. 

(165) . — Let x be the age of the present incumbent, * the annual 
income, #c the stipend of the curate-in-charge,/the expenditure at entry, 
and y the age at entry of the new incumbent : then the vahje of the nth 
presentation is equal to 


Aa-(A^- J { (s-K)d y -/} = { (« - k) (%- f i) -/} approximately. 

• _ % n 

(166).- A x { (s-K)a v -f}[(A y ) + (Aj4TA ff ) 7 + • • •] 

' 4A 

= approximately { (* “ *) (^+ -/} • 


Chapter SVIII. 

(167) . — Chap. xvi, §§ [14], [15] ; Chap, xviii, §§}>]> [5]- 

(168) . — If be the net premium paid by the l x persons, the 

accumulated amount paid (a) by the lx+n survivor^ will, at the end of 
n years, be equal to 

+ + • • • +(l + *)]Wr 

• • • B • 

and tne accumulated amount paid (/?) by those dying in the^wgeral year% 

will be equal to * * 

1) (l -t- 0 w v (^+1 — C(1 + (1 + + 

+ (U.rU^)[(l+^+(l,+r+ • ■ • +(1+0*3 

+ (k + *_> - W[(1 + 0" + <1 + O^ 1 +• • • • +(!+*)]}• 
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The whole aceumul&tioii ia thus equal to 


’ r a»|{{i4- 4" ^»4" &r+l 4* • ■ • 4-fc+»-i) — (t*+i + ^#+i4' • • • 4" ?»+»)} 
■+■(1 4" ^*' -, [rt»+*4" J(»+i 4- !#■«+'.. ■ 4- lt+n-i) - (^»+a+ ^*+»‘+ ••• 4-fc+*)] 

' tt ' , 

+ ‘ 


+ (1 “** (&»+»- 1 + £#+»)] 

+ (l + 0 C(i»+»+^ 4 H-H-l) — ^»+»] c 

(l + •)* , t»+i+ • • • +(i+0 s ^»+»-*+(^+0t»+»-i} 


V 


x+n 




v x+n 


= /. 


#+»• 


(169). — §§ [18], [22]. 


(170) . — »V#> — <«-iVa*+i 

( 1- > = < (l- J±2s±-“) 

\ l-\-£lx J • \ l+®#+l/ 

lj -&x+n ^ 1 "hflg+w 

l+«aj + l 

» l + «jr > = < l + Atf+l 

a x > — < a x + 1 . 

As regards adult ages, at which alone policy-values are practically in 
question, thr^ value of «£ decreases as age increases; but at the com- 
mencement and end of the mortality table the value of a x+l is frequently 
greater than that qf a x > as in the Northampton TablG from age 0 to 7, 
in the Carlisle Table from age 0 t& 6, and 91 to 94, and ifi the Life Table 
in the Text-Book from age 0 to 4. 

(171) .— § [17]. ^-h»P»(1“I‘|»-i®j?+w)'+^(14*^4:+h) +»V , j;=l. 

C K- Mx-Mx+n 

p*~p^ni 


( 172 ).- 


1 ft* 

c 


t N,-, 

■ c — 


— Naj+»— i 


s&+n 


^x—l — N®+ n-i 
-N-p+n-j) M# — Ma>+ W 


N^~l ,D;p+rt 
__ ^£# 4 * » !SdjJ N; 

%V» 


D" 


*+» 


it ' * = ^#+w~P.i?(l + #JH-tt) 

£■**4 M»+» 

L 
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TMs delation may be pr6ved also from the following considerations 
An annual payment of P*? for arrears may be regarded as made yp of 
(!) the annual premium cover the risk of death during the* term 
. = Pa^i ; (ii) the annual premium to secure a sum equal to the value o£ 
the policy at # the end of* the term, if the life be then in existence 
== »'V a jP £C 7 i] ; that is, 

• ^ 

Po; = P n V xP%n 

■t tt Pa? — PcDwl* 

whence » » a?— j — • 

P<m| 

Pa?— Pml « 

The formula — — also exhibits the value of a policy, effected on a 

P$»! 

life (a?) after n years, as the accumulation, allowing for mortality and 
interest, of the amount paui in excess of that required each year for th^ 
actual rkk of death. 

(173).— §§ [38]— [44]. 

(17.4). — §§ [49]-[55]. 

(175) . §§ [51], [56]. 

(176) .— §[69]. We have 


(A) V — aj, ~ g *+» - ( V P*+^P* + • • •) — (*ya-4 « + A i #g+» + ■ ■ •) 
^ ' “ * 1 + ffj! l+*Px+v\Px+ • • ■ 


(B) „V'*= 


_ & x a x+n _ _ (vc ps + vWzp # + • • ■ ) — {fCpx+n + V 2 c\p x+n + . . .) 


1 a: 


1 + vcp x 4- v 2 c\p x + 


In the second equttion vc takes the place of v in j;he first equation 
throughout: it h therefore evident that th^ policy -values by Table (B) 
will be equal to those under Table (A) when the rates of interest adopted 
are such that the present value of 1 due a year hence#equals v in the one 
case and vc in the other; that isf the policy- values by Table (B), 
computed at the rate of interest *, will bl equal to the policy-valuta by 


Table ££), computed at the rate of interest* 



(177).*— From |§ [45] -[68], and especially from Sables P, < 5 , and 5,, 
it will be seen that no conclusion as to the relative policy-va^ies at 
different ages’and durations can be arrived al from the fact that the rate 
of mortality in one table is throughout greater than that in another 
table. 


(178), — §§ [76]-[79], 
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(179) .— § [81]. The modified formula would be 

2iA#+ft— 3P$ (■$■<(- , 

(180) .— §§ [94]-[100]. 

<181).“ 

A ar +^,fl-^P a .. r 74 ^)(l + \kt-iax+n) ^/P x+». >/? — P .c.^+wl) (1 + 1 m-l&x+n) 

P&+H fn\ 4* 

We have also 

_ 1 d 1 +d 

P®+fc m — P/.w+ml 1 + \m±l&£p+y 1 + \n+m-\ a x 


1H“ I m—\Qx+n 

^ 1 4~ 1 w-i O s+n (14" li» vn-\ a x) — (1 4 \m-\Qx+n) 

l4-|«i^i«jp+» 1 + |»+w-l^a? i 4” |»+»;i— i^o? 

1— Af g n+m\ 1 A? 4 - n m | 

, ^ ^ i u ^ d A x + n m l — A r tt+ TO 

1 Ay.rc+w 1 — 

< d V, 


(182).— §§ [108]— [112] . 

The value of the endowment policy after n years, by the 
retrospective method, is ‘equal to the accumulated net premiums, loss 
the accumulated claims* in respect of premiums returnable at death, 
that is, 

w ^ L^(l + *) 4- o] w 

■L'af+n •L'd’j-n 

The value by the prospective method will be 

ss ^ [w(l 4- k) 4* C ] 4 * 1^x4 n Rg-h t- fm ^Alg-fn-fw 

* Ha? ¥n 


If the identity of Jhese two expressions be assumed, and the value of w 
deduced therefrom, it will be found that 

Pa , +n+^ 4'g[jRjp"""Kia? +n+tr t ~ (A4 "ffl)Mj+» 4- J»] 

l^^ar+tt+m-l — (1 4"^)(Ea?“Ea?+«+w — + w)Maj+*+*») 

• * 

This being Hie con^ct expression for w (see Chap, xvi, formula 47) the 
identity of the above expressions Sb established. 
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(iss). — §§ [liiVcna]. 

(181). — §§ [19], [122]— [124] . 

(185) . — §§ [129H134J. 

(186) , — It “would be necessary in the first instance to ascertain the^ 
not premium to be valued, Snd to do this some assumption must be madet 
as to the loading ; e.g,, if we assume this to consist of m per-cent upon 
the gross premium and a constant of c per-cent, we have the fallowing 
equation to determine the net premium 

100M,,= ' m {2'258N«+1229(N4 7 +N m )}-cN«. 


Hence, the net premium after the second seven years will be 
/ 100 — m \ 

(^ioo“ 4 ' 717 ~ c J =p say ’ 


and theyalue of the policy, the age of the life being now 69}, and the 
next annual premium due in ‘three months’ time would be 

28i V' 4 i = i — (| 4- « ot|) £!• - 


(187).— §§ [11], [15]. 

(1) The premiums must be net, without ^expenses, or the 

loading exactly absorbed by expenses. 

(2) The premiums must be payable at the beginning <ff each 

year. 

(3) The rate of interest assumed must be identical with that 

realized. 

(4) The fate of mortality mss unjed must be identical with 

that experienced. 

(5) The claims must all be payable at thtfend of the year. 

Assuming that l x policies were effee^?d n years ago at age the 
•following equation exhibits the relation stated in the question: — 

J»+»- 1 [«-iVa;(l + i) + Pj*(l + 0 ] = lx+n +X+n^ % 

or, dividing throughout by , 

n-lVje( 1 + *) + ^(1 + i) ~Pat ?+»-l , 

which may be written 

v ( 2^+ 4*^#+ n-i' m Vt) * 



4^ n,— Lira ^otijtoekciks. 

In the case wl&re the premiums are payable at intervals throughout 
the year, the above expressions will be c modified as follows : — Making the 
usual-assumptions that a group of lives entering in the eourse of the nth 
^yeaC prior to the date of valuation at office age (#), were on the average 
«o£ the precise age (#— £) at entry, entered oh the average (n— i) years 
ago, and completed the average age n) at the date of valuation, we 
have (assuming yearly payments throughout) the following expressions 
for the value of the policies a ye£r ago and at the present time 
respectively, 

f i i . Pjc-A 

— P^-iGa ~\~ a x+n) 

/ l~i ~ a x+n , Pa-A 

1+0*-* 2 A 

whence, from the relations, 

1 4- 1 4 vpx+n - 1 (1 + A.p+ n) 

"* p - t= (r+if, _ '') 

we can obtain the expression 

tt ^ 

showing the fiesired relation. 


Ohapteb XIX. 


(188). — We havs 


iW= : 




+ d 


- 1 . 


The assurance required is therefore an endowment assurance *-o t n (#), 
^payable «rt£ge (a?+ft+l) or at previous death. The sum assured is 
etjual to 

, 1 
P*:#-fl| + ^* 

and the annual premium to 

Pgin+H 

P*;#Hl+<T 
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itart *•} 

The total outlay is made up of the first premium and the value of the 
life interest 

[ P»:tt+l] f 1 ^ 1 & 

Par.-w+lH”^ # + ^ P x : «-fl| H” d 

The life interest provides 

P$ :?i+l| 

P*:SFil 4"^ 

as the annual premium, and 

d 

as interest on the total outlay, the sum of these two expressions making 
up unity, the amount of the annuity. 

The sum assured provides the return of the total outlay, with interest 
thereon tEor the last year. 

(189). — §§ [3], [10]. The value of the life interest, the age of the 
life teftaut being (#), is equal to ^ 



The sum to be assured is equal to ■■ y - i , apd the value of the policy 

*. x~rd 

8 9 

after t years is equal to ->[1 — (P^ + ^)(l4-«.r+f)] 

*X"T& 

= *[pdrf“ (l+ % +#) ]- 

The value of the life interest at the end of the t yea^a is = (s x a x +t)- 

The value of the policy and of t£e life interest together is therefore 

= 8 Tp— pg— lj, # a constant value irrespective of t, and equal to the 

value of the life interest at the commencement. 

If the value t>f the life interest and of the policy, after t years, *be 
computed ujjpn office rate§ of premium throughout, we shall havd 
Market value of the life interest after t years « 
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Value of the poKcy after t years, computed by the “ re-assurance” or 
u hypothetical ” method (Chap, xviii, §,§ [33]— [36]) 

_ * /«» P®+^ /I* 1 N 

*PrhA P s + t+dj- 

The sum of these two values being, as before, 

=e GvM~ 1 )- 


(190).— Wo have 


bum assured 




P®+ d 


= 1-|- 


P®+<* 

Value of policy after n years 

=8{l-(?*+<l)(l+ar +n )} 

=^-T^r1 

=<?*—’ Oa?+». 

(191). — § [28]. 

Since the value 0 of a reversionary life interest of 1 is equal to 

l-(P*+^(l+**r) 

P*+<* 

an advance of 1 will represent the value of a life interest of 

. 4 « 

[ Tg , + d 

1 — (P« + d) (1 + a X y) 

* "* 

The gum assured for a. reversionary life interest of 1 is equal to 


P»+d’ 


4 p I £ 

the sum assured for a reversionary life interest of , — — ~W>rr c 

a * 1— (P. »+<0(H a .w) 

The^oost of the annuity purchased during the joint lives Js evidently 

‘ Pflf-Hd V v 

l-(P.+*)(l+«„) • 

The total outlay* is «nade \kp of (1) the value given for the 
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reversionary life interest =1 ; (2) the cost of the Annuity purchased 
during the joint lives = - — / ~ \5 (3) the first pre&ium 

p 

for the assurance = - — j ’ sum ^ ese va ^ ues being' 

d • 

equal to s — y= , th% total outlay. 

1 — (P*+d)(l + <*xy) 

The annuity will provide (&) the premium for the assurance 

p , 

= - — ro~T~7wTT \ » (2) the interest upon the total outlay 

1 — (r#+ « )\\ m T" a xy) 

_ d 

1 — (Pj?4*^)(lH”®^) 

The sum assured will provide the return of the total outlay, with one 
year’s interest thereon, at the end of the year of the failure of the 
life O). 1 

Let % thc age of (x) at the end of the year of death of (y) be 

= the value of the annuity is then equal to 

•s 

f-(p,V)a+^) ’ 

and the value of the policy is then equal to 

1 — (P^j+ d){\ + a x +n) 

l^jF'+dKl+a^y' 

the sum of these values being equal to > 

, l-(P^) 

l-(P.r+d)(l+*a*)’ 

an expression independent of n , and which, when put in the form 

— lV . - — _ . C ~ will be seen to’ represent the value 

Pa ,+d Al-(P*+<OU^)/’ > 

of an immediate life interest on (a*), tike amount of the life in^rest 
being equal to that* involvod in the question. ( [J.LA. , xiv, 426-7.) 
(lEfi?.— §§ [26], [27]. 

(193) ^ — The ngt value is —a x — a x - t , or in market yalues, and allowjpg * 
for whole-world and issue premiums, 

m+n 

~ loo „ ( x 

~?Z+T ( 1+a *d 


(194), — §§[41]-[45]. 



m 
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ItonfrT 


Chapteb XX. 

(195). — The value of the sick allowance to ^ge 70 is (§ [5]) 

* _ + +Db»^fiB 

c =bo nrfi 57“ • 

But £*= by hypothesif A-f By. r , whence we have 
Ao* 

(D,r + ^+i+ • - • • +Boo) 


+ p“ (D*£»+ Df+tf** 1+ + Dg^m) 

1 Nat— N^) M^— M70 

= A- a -+ B _ fi - 

= A|^)-a?®aj + B^o-ajAa’ 

= b (-5t) + ' a - sb >("'-S4 

(196)>*We have, by Table (A), 

s x =v*[z x +vp x z r¥l +v\p x z x + 2 + J 

and, by Table (B), 

4=t*|>*+0(l -K)jP*2x H1 + ^(1-k)^^+2+ ]. 

Comparing the expressions within brackets [ J, we see that v } in the 
first formula, is throughout /eplacbd by ?>(1 — k) in the second formula; 
therefore the value of k)$ by Tabic (B), where 4 is computed at 
the rate t, is equal, for all values of or, to the value of 4, by Table (A), 

( pip 1 \ 1 

i “—?)• 

(197).— If at any given age f there be ef*. deaths, there ,will by 
thypothesjg^k. 2^ persons constantly sick throughout the year ; that is, 
•u 2 x 303£ 

there will be — -- — - d x weeks’ sickness ; the cost of which will be at 
10s. per week as ^y^ l J 1 »=52 , 18^, and the value of the sick allowance 
to age 65 will be =S“62-J8rf,=5 g 218 



Map*. XX, XXI, j 


SOLUTIONS. 


(198).— §§ [!]-[«]. (J.T.A., xxvii, 280, 281.) 


(*) 


Kj, 

tx ~ T> m 


\ w4iore K JI =» ir+ l(fe)j,+® <l,+, l(7a!)* + ,+ , 


(fi) \ 70 -afix— jy* - '° 

(y) 0O-a?|S* = 

(199) . — § [8]. The formula (for tli£ present value of an allowance c 
1 per week) becomes 

„ „ , , - _ (Kj.— K2 o) + 52N7o 

— 170 — a* s ar + 70~ar| ft .r — ~ ■ 

(200) . — (J.I.A., xxvii, 281.) 


c™ 


_ (Ki-K^) +) (_K^-K*) + i ( ) + 1 8N 7JL + 


N,-N 7( 


and the weekly contribution, loaded for expenses, is = -7^52 ^ 

reserves after n years are equal to 

10M, +n + (K, f «— K 70 ) f i K 7 o) + 

9j*+» 

c x(^.r \~n ^;o) 


ClTA-PTER XX T. 

(201) . — §§ [ 1 * 3 ], [41], L101J. 

(202) . — §§ [49 J, [52 J. 

(203) .— §§ [54], [57]- [60]. 

(204) . — §§ [57J-[59]. 

u (205). — Gray’s , Tables and Formula $,* Chap, vi, §§(198), (822) 

LEMm.* If 11 denote the present vajue #f a benefr^of 1 upon a givei 
life or combination of lives, and such that, in the case of a*co]|}bmatioi 
of lives 5he risk if determined by the failure of any <fne of them ; and»i: 
Bi denote tlje present value of a similar benefit on a life or comWnatior 
of lives respectively onje year older than those on jvhich B depends ; if 

* This Treatise being out of print, and practically inaccessible to students, th 
solutions to problems (205) and (206) have blen extracted fn full. 
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pjlht ii. — utt icoOTurasircnta. 


fflHspi XSX 


moreover, p denote the probability of a payment of B being received in 
the ijrat year, and ir the probability ofr the single life, or of all the lives 
on .which that benefit depends, surviving a year; — then will the following 
equation always subsist: — 

C 

For, if the benefit makes its payments at the end of the year in which 
they respectively become due (as is always the case unless it be otherwise 
expressly stated) the value in respect of the first year is obviously vp. 
Afd the value in respect of the years following the first is vttBi ; for Bi 
the value, at the time it is hnUred upon , of the remaining portion of 

the benefit, v is the probability of its being entered upon, and 

is the ratio* in which the value is diminished on account of the time 
that has to elapse before it is realized. Hence, a whole being equal to 
the sum of its parts, 

B=Vp-ty*ir3i 




In this expression we have, for the benefit A*, 


w — Pan , B — A x 

p=z(l-p*) ; Bi=Aff +1 

i ^ • 

. ^ ?« ' 

(206). — Grfcy’s Tablet kid Pormv.lce* Chap, vi, §§ (194), (197), 
(198). The benefits to which the demonstration applies and in regard 
to which, consequently, the equation deduced subsists, must fulfil these 
two conditions : fflrst, $hat tlje payment in respect of any one year in 
which it may become due shall be always 1. The* fulfilment of this 
condition obviousl^preoludes fhe application of the formula to iribipasing 
«or decreasing benefits. Secondly, the benefit must be such that in the 
case of two or more lives the risk will be determined by the first failure 
that takes place from amongst those lives.* The fulfillment of this 
condition excludes from the application of the formula benefits depending 

t * 

* This Treatise being out of prints and practically inaccessible to students, the 
solutions to problems (20 S) sn3 (206) have been extracted in fall. 
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upon specified orders of survivorship amongst thfee or more. five. 
Thirdly , the benefit Bi, it is stated in the Lemma, must be “similag” t 
the benefit B. The only; restriction here implied, beyond that of.it 
being of fchc # same amount, and subject to like conditions in respect c 
the life or lyres on whicli it depends as Bi , is, that its duration sfta, 
extend to the same period of life;: in other* words, that both benefit 
shall cease at the same age. It is no matter what that age isfwhethe 
the limiting age of the table or.%ny less tabular age ; the formula wi 
still apply, provided only the age of cessation in respect of both beuefi 
is the same. The formula consequently holds in the case of temporar 
as well as whole-life benefits. Fourthly ,§the formula holds also in W 
case of deferred benefits. To adapt it to such it is only necessary t 
mako ^=0 for those years in which no payment is made. This reduce 
the formula, in the case of deferred benefits, to B = t’7rBi . 

The following formulas show the application of the Lemma to tl 
case of the benefits most frequently required : — 

*&=*¥*( l+tfa?+i), 

X n-i\ a x+i > n\ tflx—QPx X »- ljtfff jh-i 

A^=^t(^“ l —1) + A 4 . +1 ], \ n &x=vp x [(j> x -'+- +i] 

n]A-x— vp x X jt-ilAj+i , A*»|= vp*[_(j)x~ 1 1)4” Ax 4 ^, u_il] 

(207) .— § [69]. 

(208) . — §§ £72]— [81]. 

(209).— Chap, xviii, § [17]. mY^Ax.^— irx(l+«x+») 

= (*»4 n — ’’"x) ( 1 + a x+ it) 

~ d ~ + 

^l - ■ (wx+^)(^4*®ji+»). 

(21 0*.— § [82§. 

(211) .— ,§§ [95]-[98]. 

(212) .— !§ [99]-[10lJ. 

(218). — Institute of Actuaries' Life Tables (Introduction, p 

l«nn 
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J*ABT II. — IilFE' CONTINGENCIES. [Chip*. XXX, XXO. 


(214).— By the formula 

* 

a table of values of a x can be computed. We then have 




1 /ijp+8 


12 




^Uoj+i-fjS 

12" 


< 


A/4 j; 

12 * 


^Erom which the continuous construction of the values of d. r can be 
completed. 

A table (*f values of A x can be constructed^ by the formulas 


Ar=l — 

A# + 1 “ 1 ' 8dj; 4- 1 

- 

v AAj;= — SAt&jr. 


(215). 


A*+l.i]=®S , ir+l 

A£i. i|=®Ay x = — vAp x . 


ClLUWEB XXII. 


(216).— § [10). 

(217) . — § [10]. 

(218) . § [22]. 

• (219). — § [11]. Sundorlam^s Note s on Mnite Differences (Chap. 
ii»,§3). 

* (220).Trf.-(A; § [21], «#=«#+«Am»+ — A a w 0 + . . . 

Writing for and ^ for we ha»ve 

i 

w*+b=«jc+»Aw iC -H-^— — - A 2 « a + . . . 
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(0) § [18]. A»«o=«»— «w»-i+ **»-*— ■ 


Writing u x tor u 0 , and u x + n for u», we have 

— 1) 

A w w lC =^ +w -nw a . +w _ 1 + — — w®+»-a- 
• »_ 

(221) . — § [18]. If second differences arc constant, A 3 Wa.=0 

A 3 ^j,= A 2 i<j, +. i — bPux—kux > 2 — 2Am^+H- Awj.=0. 

(222) . — We have = u x 

W*+a=tfa+A«; 

«. t +2a=w c + A?/ |C 4- A (w*+ Aw*) 

• = 2 Aw* 4* A 2 w* 

W* +■ == W \ 4 2Am*4" A 2 W* 

4- A(fc>+ 2Ae* * + A 3 a*) 


and evidently 


= a* + 3 Aw* 4- 3 A%* + A 8 w* , 

* 

a(w— 1) 

HjuHM — W*4 wAlljp+ A 2 #* 


+ *(t=i)(jfz«) A ^ + ... 

io 


» 


Writing now /& f<$r ww, and for n, we have 
a 

• *(*_!) 

a. «V' / 

Ux+H—Ujc 4" Aw.t-f 


a 


A 2 w* 
|2 • 


4- - 


x -oe-*) 


fi 


A J «j+ . . . 


ii . n(n—a) , „ 
=«*+ Atfj.+ - 

• /r |2a 2 


w(ji— a) (n— 2a) 
3a 3 


A%*+ 


; but 
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Iflhay. JQEB. 


(223). — § [21]. < The required formula is 

»*+«=»*+»Au*+ — ' 
r 

+ «(— W»~ a ) **+ »(”-S . (?-g - ("- 8 i 4-fc+to. 

1? * e 

Then we' have, if a?=l, «=(ar— 1), 

**=«»+ (*-l)A«i + (* '- ^ 2" """ 

% 

. (*~l)Qr-2)Qr--8v (g-l)(g- 2 )(g-3)(*-4) 

-r |3 | 4 

Prom the values given in the question, we have «!= 4, Aw,=26 
A%i=64, A^i= 66, A% 1 =24 ; and inserting these values, and reducing, 
the above formula becomes , 


«*=*+ (*-l)?6 + — 64 + ^Kf. J) 66 

«■ e £ 

+ (gr-l)(g— 2)(g— 8)(a?-\4) 24 

S. 4 1* 


(224)v — Chap, xxiii, § [13]. From the formula 
u *+n 

A 

i 


r =«*4-»AMa4- ^2“"- Aty*+ — — . . . 

V 


we have, when n = - , 


• , ‘G-0 

«*+!=»*+ ^ Aw* + -'-ig- 1 " A 8 #* 


£ 


A%®+ . . 


=w»+^At4+^~^A^ a - 

a » 


• j. *(*-»)(t-2n) h 


**ia 


■ A%„+ 



SOLUTIONS. 


1 


(225). — (a) From Example (222), putting h ivPa, wo have 

«*+»««»+ j A«a,+ 

IS*® . 

Putting now a?=0, »=#, we have 

* 

. a A ,.#(#— a) A 
^ A ^° 

|3A* oi ^ 

(/J) Inserting the values given in the question, 

x(x—h)(x— 2&) Q/¥ , J?(a?— &)(#— 2A)(#— 3&) 
+ 6*5— 36 + 24*5 • 


=©■ 


(226). — The common difference of a? being =A, 

(#+w) 5 =«x + ,i > ==Wa>+ ^ Atfa;+ -~^rr A^jj-bA^* 
a Aw* L n(n—h ) A^ x L 

““"* + 5 A^ + pr~ ’(Ak)~ 2+ 

* I 

If A#, and therefore &, be infinitely small, the above expressi 


becomes 


* » 3 » 

**+»-**+ + + ' * * 


wheife ; ; &c., are succesfive differentia# coeijcients of 

ue. 9 of V. In this case, 

^s&r 1 ; 20*»; * 

dx ’dm* ’ 

^=s60«»; ^J=120* —=120. 

/£** * • • oar 5 
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J?ABT XI.— LIFE CONTINGENCIES. 


LO imp, Xm, 


Substituting these Values, 

Ux+n^a* •+• 5nx* -I- 10 nfiafl + lOn 8 # 2 -f 5n 4 x + n 5 
=s(x+n)*. 

<• (227). — Sunderland’s Notes on Finite Difference *, Chap. i r § 0, (2) (/?) 

i 

t A (at,!)*) = M«A I-J, + «.<» Atf, + A«*At>jr ■ ' 

Bepeating the operation of A on each t#rm, 

A 4 (m*»») = u x ^v x + 2A«j;(A i-j. + A 4 ^) 

i +A% a ,(» a , + 2A»a + A s 0 4 .). 

IT u tt ~to, f*=log «") this becomes 

= 4*(a?log r) =a?A 2 log x + 2 ( Alog a; + A 2 log a?) . 

* tt 

* (228) 32 “f* ■+■ 

Writing now ^ 5 =^ + A&jrsfl+A)#! 

^ 3=^1 "I" 2A&i + &b\ = (1 + A) a &i 
* 

<&c. <fec. &c. 

t * 

(1 + (l-f- A) 2 ftjir 3 -|- • * . 

= [a? -f- (J' + A) ^*? 2 + ( 1 + A) 2 # 3 ^- ]&i 

X A x 

1— a?(l4-A) ^ (1 — x) — xA ^ 

= 1 — x) — x A } “ J 1 . b j 

==#{ (1 (1 ~tf) “ a ^*A + (I—^p) - 3 (* A )* + } h 

__ #6i a? a A&i * x*APbi 

~ L^r * (r~x)* * (l-»)* + ' ' * 

(229). — Wo have, 'by successive substitutions, 

**„=#*_!+ A«*ti 

+ Aw,*- 3 -k A %»-2 
= + Aw m —2 + A 2 # w -a -J- A^w^a , 
and ultimately, continuing the same process, 

**»— (^n~i + A w»_a ^ A 2 w W m -3 + A 3 Un-4 + *+• A w ~%i) + A n ~ l U \ . 

Let u^sza 

* W 2 ^«i-|-AVi= 2 Awi by question; 
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&Ui-=.Uy—a and w 2 =2A« 1 =2m. 

^ 3 =^ 4 - Al^ 4 - A % = 2 A 3 tf i by question ; 
A%j = 4- A^i = 3 Amj = 3m, 


whence 
Similarly 
whence 

and u 3 =2A 2 u l =Ga. 

% • 

Proceeding thus, we find w 4 =26m, &c. 

The series and the suecestfve orders of differences are thus as 
follow : — 


u = a, 
A = 

A 2 = 

A 3 = 


2a, 

m, 4m , 

3 a, 16m 

13m . . . 


6m, J2 6a 
, ^ 2 va . . . 


From which it will be seen that 

m 2 =2A 1 w 1 ,'Uj=2A 2 Mi, m 4 =2A 3 wi, &c. 


OlLAUTEE XX 1 11. 

(230). — The required expression is (Chap^. xxii, § [18], formula 3] 
writing n x for u 9 , and u x + n for u n , 

9 

n(n— L) 

A»M 1 i ? =M )i?+w — WM <r+w - 1 4 ~ Ux+»-2— 

% 1 

* 

• . fl(tt--l) 

i I— tJ ^aJ+g^F^a'+ldhWj. 

/ . 

whence A%i = a ? — 6 % 4- 15 H -yl0«4 4- 1 5% — 6 m 2 + «i 

=462-15124- 15k — 11204-315— 364-1. 

13u t*A f wi , by hypothesis =0 ; • 9 

therefore • 15 k= 1890, and k=126. 

The su^i of the first ten terms of the series an be readily ascertain! 
by the formula (Chap* xxiv, § [17]) 
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whence, inserting tlfe values of ui, A» 1( A%, deduced from the 

given/eries, we have 

5 1 1 °«a=i>UUS. 

This result could also be arrived at by expanding the series to ten terms 
add summing the results : thus ' 


* # 
1 
2 
8 

4 

5 

6 


8 

9 

10 


u x 

1 

6 

21 

56 

126 

252 

462 

792 

1,287 

2 , 002 * 


6s zaz 

P 462 


A** 

A 3 *,, 

A*k* 

4 5 

, 10. 

• 

15 I 

L 20 

10 

35 

15 

70 

•85^.* 

56 

21 

126 

84 

28 

210 


36 



120 


330 

105 

45 

495 

715 

220 

55 


A*u x A "tea, A%* 


6 

_7 

8 

0 

10 


1 

jL 

1 

1 

1 


J) 

0 

0 

0 


3r*fc=5,005 

(231).-^eliafb, by Maclaurin’s theorem (Chap, xxii, § [29]), 


k ^ 2 <£h +( fU 


• 

Similarly, * % 



, *““*r**(a>*+ 
—“» + i 2 *(£)*‘ + jr(£ 




• 

Adding these two expressions together, the terms involving differential 

coefficients of the odd orders vamsh, and we 

have 


Ji.+^=2m+(2*)»(i)*« a| + ^ (; 

£)*+■■■ 

. . . 

Similarly 



u 1 +« 4 =2u»+(li)*(£)* i + ® (; 

a*-... 

, . . ssb 

a 1 +« 8 a*2« 9| + (ty(£) J “*+, *§* (• 

• 

<*y 

. . =c 



which becomes 
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whence 


o ,2* /*\ f ,825/rfV 

“ =2 ““ + .tUj“« + 19§UJ** 

, „ ,• 9 / rfV , 81 / <iy 

S=2 “» + 4 UJ“* + 

' = 2 “« +l .(si"’ ,+ i^(s)*** 
( 0 - ?( " 


rfy„ ,3 (c-i) + M 
2 5 


and inserting these value! in the above formula for c, we obtain 

a 25(c— &)+3(«— c) 

U »=2 + 256 

\ 

the expression given in the question. 

(232). — Sunderland’s Notes on Finite Differences (Chap, ii, §7). 
From the values given in the question, vreJbVMf*** 

"‘= 98 ' 891 4*__380 
“‘= 98 ’ 011 A*=-m 4 >=- 16 

»«=97,616 


Then from the formula 

w*+«=tt*+»Att*+ ^j~ l - A*Wj + jj^* ~ A®w*+&c. 

4 

we have, making #=4, »= —4, 


t*o= w 4 — 4 Aw 4 -f- lOA 8 !^ — 20A 3 w 4 j 

or insejting the gratae of «« given in the question apd the oth& v*lq|s as 
deduced above, 

100,000=98,891 + 1,520— 160— 2SlA a M 4 ; 

-12-45, 


whence 
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Then by the formula 

1% sas w 4 -f- 6 A« 4 + 1 5 A% + 2DA 9 it 4 = 95, 

A uiq=A t* 4 + 6A 2 # 4 -f 15A*«/ 4 = - 862-76 

A®w 1o =A 8 M4+0A3k4 = - 9070 

♦ 

t AHi w aA J «4 = — 12*45 

the values of u J0 to Uit can be readily deduced in a tabular form, as 
follows : — 


a* 

A 

«* 

X 

- 90*70 

- 862-75 

95,62200 

10 

-103*15 

- 753-45 

94,959-25 

11 

-115*60 

- 856-60 

9^,205-80 

32 

-128*05 

- 972-20 

93,349-20 

13 


-1,100-25 

92,37700 

14 



91,276-75 

15 


(238). — §§ [9], v [12]. Sunderland’s* on Finite Differences 

(Chap, ii, WQ* 

(234). — §[8y* *Let the values at 3, 3 J, 4, 4J, 5, 5 J-, and 0 per-cent be 
represented by u 0i «i, w 2 , W 3 , u 4 , u 5f and Ut,. Then to find tf 9 , (a) two 
values ^*Und u 4 being given, we have 

A« 4 = £(w 6 — w 4 } = — *0008 J9 
and * W 5 =w 4 *fA 4 = *020660. 

(j3) Using four values w 4 , and u^, we must assume A 4 # 3 =0; 


then 


«a— 4w a 4.* 6tf 4 — 4tt 5 ^ =* A 4 «2 = 0 ; 


whence 


__ «*-f 6»4-hla— 4«^ 

4% 


=*0206255 


(^)%~Uling six values, and assuming A%=0, 

6t/ 5 -|-15^ 4 — 20«^4-l Swg— Gw, -hw o s=A% o =0 ; 

, ^6 4- 1 5 w 4 + 3 5w 2 + — 20 w 3 — 6«i 

whence «$= n 

• 6 

=*029028. % 



SOLTTTIOJTS. 


*11 


/fc*p.xxnr.] 

(285).— Let the terms given be u$, wg, w 4 , w 5 ; repaired %. Aa there 
are four given terms, we must agsume A 4 «^= 0 ; 

t then A 4 w 0 =«^4w 3 46w2— 4ft 1 4«o==0> 

also A 4 Wi=«? 5 — 4?/ 4 46w 3 — 4 w 2 4wi=0. 

To eliminate u x , multiply tlie *3ast equation' by 4, and add $he result 
to the first expression. Then 

4w 5 — 15m 4 420« 3 — 40w 2 -||Wo=0 ; 

, 15w 4 410m 2 — 4^ 5 — w 0 / 7 

whence u 3= — — -—#=1*7242759. 

20 ^ 

(236). — We have 

Ur, = 5&; Aw 5 =71 ; 

A%=62 ; A% 5 =80 ; A 4 m,= 6. 

Then =» 5 — 3A«5+ 6A 2 w^--10A 3 w 5 4 15A 4 % 

= 4 

«i 3 = % 4 7 Aw 5 4 21 A 2 w 5 4 35 A 9 ^ 4 35 A 4 *j 5 
=3,114. 

These values may be readily proved by extending the series from u* 
to Ui 2 , applying the given diiforences, thus 


a 4 «* 

A^u x 

A 2 «x 

A u x 

« X 

O' 

6, 

32 

8 

5 

4 

2 

6 

18 

20 

13 

9 

3 

6 

24 

38 

33 

2a 

4 

— 

— 

#— ■ 

■■■■■ 

— 


6 

30 

62 

71 

55 

5 

6 

36 

92 

1$3 

126 

6 

6 

42 

128 

2$5 

25P 

7 

6 

48 

170 

353 

484 

8 


54 

218 

528 

837 

9 



272 

74f 

1,3*0 

10 




1,013 

2,10; 

n 





’3,114 

12 
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PART I*. — LIFE OO^TTIN GEK CIE8 , 


A* an exercis4) the student may apply Lagrange'* theorem, 
§§ [1$]-[12], to ascertain the desired values. We have 

^-2 


«,= 55 

0=5 

«s=126 

5=6 

«7=259 

c=7 

1*8=484 

( 

ft- 

ii 

«»=887 

»=9 


Thin, by formula (3), 

(z j)(za(=fi(=Q. ^ (-iK-SKrCK-T) 

(=|T(-2)(-3)(-4) ° + 1. (— 1)(— 2)(— 8) 

(— 8)(— 4)(— 6)(— 7) (-3)(-4)(-5)(-7) 

+ 2Tl(Zl)(Z2) 259+ 3.2.10=1) ^ 

(— 3)(— 4)(»-5)(— 6) ✓ 

+ IXO — ’ 837 ‘ 

= (5^35) — (126 X 105) + (259 x 126) - (484 x 70) + (837 x 1 5) 
=47,114-47,110=4. 

In a similar manner^ putting #=12, the value of u l2 may be 
ascertained. 

(237). — From the values given in the question, we lv,ve 
um- 2*3710^79 ^=0018441* 

A»w 135 =:r- -^00078 A 8 »m»= 0000002. 


Then * 


.«=*■» + '03A4gg5 + A 9 **^ 

+ ^co ! -a g -j) A ^ 

e 


=<tes+ ‘63A«gw— < 117A%395+ 'OSSAHfgn 


=8-8722306. 
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(288).— Leu 


= u$ = 18*4708 - 
- ,/ — 
= 17*8144 

#39 =: t^2 = 17*1670 

— 

#33 = Wg = 16*3432 
0 — 
«37 = w 4 = 15*5154 


A A 3 A a A 4 

1 

•6564 

„ „ - 0510 - 

•7074 - -0(fc4 

„ - 0564 „ - -0022 

•7638 - 0076 

- -0640 

■8278 


Then 


9 0 9.5 

A30=W2i = ^0+ -g Au 0 + 


9.5.1 

6*64 


^Wo+j 


• 5.1(-3) 

24-256 




q 4K 1 « 

= 18*4708- l ( 6564)- g (*0510)- ^<*0054) 


128 * 


+ ^8<™ 22 > 




= 16*9216. 

(259). — (a) §§ [15]— [25]. (/3) ilssmping fifth differences to he 
constant, the series of values from u x+l to u x +w can readily be obtained 
by algebraic addition of the successive differences. 

(240). — By the terms of the question, we have 
Aff*=(8tf«4* Stt»+i + Sf^+2“H • • • 4 *8«atf-»-i) 

=^+ (Swjj-h &u x ) + (hu x +fru x +£hi x +i) 

4- • • • 4- (8w*4-<^w# +^r+i4- . . . +8%a.+£_ 3 ). 

But by hypothesis* &u x +t= z q t $ l u a; , .*. we have 

AK a =»8«*+8%*[l + (l + $)+($+y+? ! )+ . . . 

+o+f+iS*+ •• ■?* _2 x 


=71-8^4“ 


8ht x 

(?=l) al 


whence , 


Auv—nSu * ? 


(2 * — i) — 1)* 


(241). — We haare 


%=15863 
«?= 14-941 
«e=14J05 
«9=l8-343 
« 1# =12 - 648 


Aw^=-;9 
A>^= 08B 

A s «*=— *012 
^A^kjss j *005 



114 


PAST U . — LITE OOiraiNGKAcreS. 


[tsu^zzm. 


where «# = the annuity-value at ^ per-cent. Then the value at 4 328 

I 

per-cent =<%««» and 

• , . 2-060 X 1-666 

«MM=We+2-656Att 6 + jg A*w* 

, «-060 X 1-666 x -656 A , 2*666 x 1666 x -656 x (- §44) . 

+ 15 i A*u« 

1° i 4 

a«,+2-666AB„+2-19|A*M«4- -4809A»««- •0414 A < k 6 


=13-5978. 

Applying the method of central differences, §§ [26]-[32], we have 


the followin^values : — 

« 

A 

A O 

A * 

♦ 

* A * 1 A 4 

15-863 

14-941 

•922 

•836 

+ •086 

r 

-•012 

« o = 14-105 

c 

6 o = + *074 

< 7 0 =-005 

13-343 f +1__ 

•762 

•695 

+ 067 

c +!= — *007 


and by formula (10), 

tx(x— 1), . (<F+1)a-(ir— 1) 
«»±:^o+»a +1 -f 1 2~- •**+ - - g - <•+, 

, (t+l)*(*-l)(*-2) j 

"T - jjT x «0> 

V 

or, inserting the valft^s « ir(=s-056) and^of the successive differences, 

«W*- 14106- (-656 x -762) -1 — * (074) . 

Ik 

€ * ♦ 

* 1*06 x 666 x -344 + 1666 x 656 x 344 x 1-844 

24 * 


whence * 

»«•— 13*69782. 

# 

(242).— §§ [89]-[10]. 
(248). — §§ r40]-[4B]. 



sontmoss, 
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mp nut, tut i 


(244).— Since 

1 d . , , Id- 

— j- • and S=e — 'V* 


v* ds 


we have 0 

__l i TV * 
But by § [47], formula (25) 


du . 
dx 


r- =H w #+i— #*-i) apujoxlnately 


x^nat 


^ • D,=i(D«+i— : D*-i) approximately, 


1 % 


• and . (jij, + 8) = — ~ • • D x = a i ) P roximatel y' 


Cha^teb XXIV. 

(245). — We have, by the definition of a differential coefficient, 

y u x = limit of — when A is infinitely small. 

dx h 

Similarly, 


J 


# — ” ” 


— j* » 


w aM- 2 fc — Mx +h 

h • 


b Wx+2 h f 

( 


d _• V’x+n“~ u x+n-h 

— , >» >7 7 » 


jd» 


The^sum of the right-hand terms is clearly *=«^ £3^- — ; # tlfih^Qre 


we have 


* /”**<* _ > • 


# • 

r , ,, n(i' , i ^ i l 

: Limit of + - d x U *+ h +% U *^ v * + 
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that is, the integratfcn is equivalent to the sum of an infinite number of 
infinitely small ttons. 

(?46). — §§ [3], [6]- 

# (247). — Since «**+»=* (1+A)*#*. (Chap, xxiif § [20]) 

* • 

and ^Ux+n—b^Uv+n (Chap, xxiir, § [2]) 

Styp+a—A” 1 ^ + A)*tt<p. 

Expanding (14 A)*, we # have 

2«*+»=A- 1 w*j\^«A + 7 —~ : ~ A 2 4* j 

=A -l w a ,+wA.A“’ 1 Wj,+ — A a .A’ ,, w»+ 1 

1 ? 

=%u x + nu x + ^rr— A Ujfr 

e 

and 

— 1) 

S*to+«— ^ — “Affe+ 

(248). — Macdonald’s Calculus of ffinite Differences {Trans. Act . 
Soc. Edin*me± page 12. 

We have 

#l = lCo+lfli“l“lC2d- 1*3 4 1^4 4 • . . . . 

t< ^=lco“|-2ti-|“4c2H| 8c a *f 10c 4 + 

W3 s =lco48^i"t’0<?24"27tf3-f , 81c4-|- 



u n = lc 9 -fSfc 2 ^ + » 3 ^ 3 +» 4 ^ 4 + 

Summing perpendicularly we have 

* 4 S * C# 2 ) ( tf 3 ) -f S w (.r 4 ) 0 4 *f 

e 

and inserting the values of S»(^), S »(# l )> &c. . . . . . 

• iu— »+ ^ „+ -frtq . fr . ti) „ . 

{240). — | £30]. , Sunderland’s Notes on ignite Differences, Exercise 

w-' 
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(260).— From the formula deduced in the solution* to Ex. (248) 

8,..= t .+ S ± a 0,+ «!+*£*? 

we have, giving to n th^uccessive values, 5, 10, 15, and 20, 
i 5(?o*f 15(?,4* t 55(? 2 4- 225(73= 1,365 

Sio^i=10co+ 55ci"f 385^2+ 3,025^3= 5,155 
Sis^i = 15(7 0 *f 120c! -f 1,240(? 2 4* 14,400^3= 13,370 
Sao^i =2O(7 0 4* 210^ 4* 2, 870(*a 4*4^100(73=28,635 

from which four equations tlie vali^g of the four unknown quant 
c 0 , <?i, (7 2 , (? 3 , can be deduced by succesbive subtraction: thus 

5c 0 +15c x -h 55(? 2 4- 225(? 3 = 1,365 

5c? 0 4-4O(?i ^ 330(?2+ 2,800(?3= 3,790 
5(?o+65(7i4- 855(7 2 + 11,875(73= 8,215 
5(? 0 4- 90(7, + 1,630(? 2 4- 29,700(?3= 15,265 

^ 9 

25(7] 4- 275(? 2 4- 2,57 5(? s = 2,425 
• , 

25(7,4“ 52o(? a 4- 8,575(?3= 4,425 

26c, + 775c a +18,325c s = 7,060* 


250c a + 6,000c a = 2,000 
250e a + 9,760c 3 = 2,625 


whence 


3,750c a = 626 





5 

(? 3 = 

30 

• 

*20 

(?2 = 

30 


1,075 . 

C,= 

rw 


c 0 = 


3,420 

80 


and 


«*= • 


6« r *+ 120^+1 


fi.o^+a’, 

30 


420 


Mac&gnai’Ts Calculus of Unite differences (Example xiii). 
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1 <»« 


and 


*. log, l*s= — 

v Q 

k*eVr^ +c =«T./?* <te 


where /c=e c , and is enviously =Z 0 , the arbitrary value 
called the radix, of the mortality table. If, as in 
Makeham'Jbormula, /a* is in the form A-f Be* then 

1 &*-&***• 


Bo» , B 

— e iog.c + Jog,c 


u g 

which, since and e lo «« c are constants, is in thj forir^ < 
Z a s=Ars»(y)^. 

See Chap, vf, § [15]. 

H^When d x is constant for all ages, fi x is known to be equal 

to but the expression given in the question 

l x f 

would ir^ this case become * ; hence it is clear that 

the coefficients, either in the numerator or denominator, 
are in error. The correct expression is 


fi* 


7 (d x -i + d x ) — (d x - s + d x + 1) 

12 lx 


(252).-§§ [21H26], 

'(259}. — § [82]. Sit* may lie written symbolically as (see 

§ [2]), and A-'#,s= [fl + A) — 1] _1 «*== 1) ~ l u „ . 

Thw^presnon in brackets may obviously be expanded in a series of 

terms involving the powers of the symbol ~ , which, when combined 

ax* 

with the symbol of quantity^*, become the successive differential 
coefficients of 





SOLUTIONS. 


ud 


Assume that, for all values of -=- , 

tax 


then 


and 


*0 

% 


( i-i)- , =^r + B + o(£) + D(i) , + 

d d * • / d \® / d V 

(*B_l)-i + (« S*-1 )-i=B+d(JJ *#f(^J + (ii) 


involving only the constant B 


• 

, and ^venglow 


wers of -r- . 
dx 


d d d , d d 

But (#fo— l)-i -f- (e tte— l)“ 1 =(tf5»— ed®(l— eic)"- 1 

d d 4 

= (ecte— 1) ^(l — ed£) 


d, 

1 — edx 

~A 

<3^—1 




hence, in the series (ii), B=-^l, and the coefficients of the remaining 
terms (D, F, Ac.) all =0. ^ 

(254) . — § [39]. 

(255) . — (a) Formula (24), § [34] . 

(fi\ Formula (25), § [36]. 

(y) Formula (26), § [37]* 

(256) . — § [40]. 

(257) . — §§ [42]~[55]. J.LA. , xxiv, 95. Owing to the simplicity of 

the coefficients in formulas (33) andi(36), 4hey can be readily applied to 
numerical calculation, and will generally be #ound to give accurate 
results. ft • 

*258).— Chap, ix, § [19]. 

(259). — Chap, ix, §§ [21], [22], [25}, 

(260}. — Chap? xii, §§ [58], [61], [6$]. 

(|81). — Chap. liii, §§ [61]-[58], 

(262^. — Chap.xiv, § [41], formula (2?). 

(268).— Chap, xv, § [11], 

(264), — fcbap. l [$0], [26]. 

(266). — We have 

* -■» 





Hi »*** nmu * ^ e w n i ^j WBi. 

VI* value *1 fee u#i t * | >lt ^|ife»fi«mog» annuity to 



Vjfff values of the eontipum* annuity, sad of tife single prenjiam for the 
corresponding astHmaae, 0*n he obtained in one operation by t|+ nee of 
one of tfie fomtyfes of approximate summation given in Chap. xxiv. 
The divisor foe fee anmpl premium (payable until the expiration of the 
ride) may be dedtsted from fee above continuous annuity by the formula 

l+e*,5Xo5=<i rp)+ 1 + • 


T 1 ' .s. M 'atu fo smt un 

VM*< *>. #* 






